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Abstract
The distributed model predictive control (MPC) framework de-

scribed in [38] is extended to handle output feedback. A distributed
estimator design strategy is proposed. Each estimator is stable and
uses only local measurements to estimate subsystem states. The fea-
sible cooperation-based MPC (FC-MPC) algorithm presented in [38]
is used for distributed regulation. Feasibility and closed-loop stabil-
ity for all (FC-MPC algorithm) iteration numbers are established for
the combined distributed estimator-distributed regulator in the case
of decaying estimate error. A subsystem-based disturbance model-
ing framework to eliminate steady-state offset due to modeling er-
rors and unmeasured disturbances is next presented. Conditions to
verify suitability of chosen local disturbance models are provided.
A distributed target calculation algorithm to compute steady-state
targets locally is presented. All iterates generated by the distributed
target calculation algorithm are feasible steady states. Conditions un-
der which the FC-MPC framework, with distributed estimation, dis-
tributed target calculation and distributed regulation, achieves offset-
free control at steady state are described. The effectiveness of the pro-
posed framework is illustrated through two examples - a chemical
plant and an irrigation canal network.

Keywords: distributed MPC, output feedback, large-scale MPC,

1 Introduction

Large, engineering systems typically consist of a number of subsystems that interact with each
other as a result of material/energy and/or information flows. Many of these subsystems employ
high performance control techniques such as model predictive control (MPC) to maximize local
objectives. Several recent articles have studied the impact of MPC technology in the chemical in-
dustry sector [25; 41]. In many cases, tighter local control results in more pronounced interactions
among the subsystems. In the decentralized control framework, the interactions among subsys-
tems are assumed negligible and are ignored. Subsequently, decentralized control is not a reliable
strategy when subsystems interact significantly and may result in poor control performance. An
apparent recourse is centralized control, which achieves optimal nominal control. Centralized
control, however, is largely viewed by practitioners as inflexible and unsuitable for systemwide
control. In plants operating with decentralized MPCs, conversion to centralized MPC control
requires significant control system restructuring. Furthermore, managing a centralized MPC con-
troller entails extensive model development, maintenance and data handling effort, which is un-
desirable.

A review of existing distributed MPC literature is available in the first part of this series [38].
All available distributed MPC formulations assume perfect knowledge of the states (state feed-
back) and do not address the case where the states of each subsystem are estimated from local
measurements (output feedback). The states of a large, interacting system cannot usually be mea-
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sured. Consequently, estimating the subsystem states from available measurements is a key com-
ponent in any practical MPC implementation. The theory for centralized linear estimation is well
understood. For large-scale systems, organizational and geographic constraints may preclude the
use of centralized estimation strategies. The centralized Kalman filter requires measurements from
all subsystems to estimate the state. For large, networked systems, the number of measurements
is usually large to meet redundancy and robustness requirements. One difficulty with centralized
estimation is communicating voluminous local measurement data to a central processor where the
estimation algorithm is executed. Another difficulty is handling the vast amounts of data associ-
ated with centralized processing. Parallel solution techniques for estimation are available [16; 17].
While these techniques reduce the data transmission requirement, a central processor that updates
the overall system error covariances at each time step is still necessary. Analogous to centralized
control, the optimal, centralized estimator is a benchmark for evaluating the performance of differ-
ent distributed estimation strategies. A decentralized estimator design framework for large-scale
systems was proposed in [34; 35; 36]. Local estimators were designed based on the decentralized
dynamics and additional compensatory inputs were included for each estimator to account for
the interactions between the subsystems. Estimator convergence was established under assump-
tions on either the strength of the interconnections or the structure of the interconnection matrix.
A decentralized estimator design strategy, in which the interconnections are treated as unknown
inputs was proposed in [29; 40] for a restricted class of systems where the interconnections satisfy
certain algebraic conditions and the number of outputs, for each subsystem, is greater than the
number of interacting inputs.

Disturbance models are used to eliminate steady-state offset in the presence of nonzero mean,
constant disturbances and/or plant-model mismatch. The output disturbance model is the most
widely used disturbance model in industry to achieve zero offset control performance at steady
state [7; 12; 27]. It is well known that output disturbance models cannot be used in plants with
integrating modes as the effects of the augmented disturbance cannot be distinguished from the
plant integrating modes. An alternative is to use input disturbance models [8], where the distur-
bances are assumed to enter the system through the inputs. For single (centralized) MPCs, [20; 23]
derive conditions that guarantee zero offset control, using suitable disturbance models, in the
presence of unmodelled effects and/or nonzero mean disturbances. In a distributed MPC frame-
work, many choices for disturbance models exist. From a practitioner’s standpoint, it is usually
convenient to use local integrating disturbances. To track nonzero output setpoints, we require
input and state targets that bring the system to the desired output targets at steady state. One
option for determining the optimal steady-state targets in a distributed MPC framework is to per-
form a centralized target calculation [21] using the composite model for the plant. Alternatively,
the target calculation problem can be formulated in a distributed manner with all the subsystem
targets computed locally. A discussion on distributed target calculation is provided in Section 4.2.

Properties of the cooperative distributed MPC framework with distributed state estimation
and distributed target calculation are investigated in this paper. The notation used in this paper
conforms with the notation in [38]. In Section 2, a distributed estimation strategy is presented
for estimating subsystem states from local measurements. A brief overview of the FC-MPC op-
timization problem and the associated algorithm is provided in Section 3. The distributed MPC
control law under output feedback is defined and feasibility, optimality, and perturbed closed-
loop stability are established for the proposed distributed MPC framework with state estimation.
A disturbance modeling framework to achieve zero-offset steady-state control in the presence of



TWMCC Technical Report 2006-04 4

nonzero mean disturbances and/or plant model mismatch is presented in Section 4. A distributed
algorithm for computing the steady-state input, state and output targets is described subsequently.
Conditions that ensure offset-free control at steady state are provided in Section 5. Two examples
are presented in Section 6 to illustrate the efficacy of the proposed distributed MPC framework
under output feedback. The main accomplishments of this paper are summarized in Section 7.

2 State estimation for FC-MPC

Lemma 1. Detectability (and hence stabilizability) is invariant under a similarity transformation.

The result follows from [4, Theorems 5.15 and 5.16, p. 200]. An alternate proof is given in
Appendix A.

In the context of FC-MPC, the goal of state estimation is to determine the states of each sub-
system (decentralized and interaction) from local measurements.

Assumption 1. All interaction models are stable i.e., for each i, j ∈ IM , |λmax(Aij)| < 1, ∀ j 6= i .

The following lemma provides a necessary and sufficient condition for detectability of each
subsystem CM.

Lemma 2 (Detectability). Let Assumption 1 hold. The CM (Ai, Ci) is detectable if and only if (Aii, Cii)
is detectable.

A proof is given in Appendix A.

2.1 Distributed estimation with subsystem-based noise shaping matrices

We consider a distributed estimation framework in which the noise shaping matrix Gi ∈ Rni×gi

and noise covariances Qxi , Rvi are estimated locally for each i ∈ IM . The steady-state subsystem-
based Kalman filters designed subsequently require only local measurements. For each subsystem
i ∈ IM , let

xi(k + 1) = Aixi(k) + Biui(k) +
M∑
j 6=i

Wijuj(k) + Giwxi(k), wxi(k) ∼ N(0, Qxi) (1a)

yi(k) = Cixi(k) + νi(k), νi(k) ∼ N(0, Rvi) (1b)

denote the CM employed by each subsystem’s Kalman filter, in which wxi ∼ N(0, Qxi) ∈ Rgi

and νi ∼ N(0, Rvi) ∈ Rnyi represent zero-mean white noise disturbances affecting the CM state
equation and output equation, respectively.

Assumption 2. For each i ∈ IM , (Aii, Cii) is detectable.

Assumption 3. For each i ∈ IM , (Aii, Bii) is stabilizable.

Consider the CM (Ai, Bi, {Wij}j 6=i, Ci) for subsystem i ∈ IM . Let Assumptions 2 and 3 be
satisfied. Lemma 2 gives (Ai, Ci) is detectable and (Ai, Bi) is stabilizable. There exists a similarity
transformation Ti that converts the CM for subsystem i into observability canonical form [14]. Let
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(Âi, Ĉi) = (TiAiT
−1
i , CiT

−1
i ) be the A and C matrices of the CM in observability canonical form,

where

Âi =
[

Ao
i 0

A12
i Ao

i

]
, Ĉi =

[
Co

i 0
]

(2)

From Lemma 1, (Âi, Ĉi) is detectable. Therefore, Ao
i , which corresponds to the unobservable

partition of the subsystem CM, is stable. The observable subsystem CM is

xo
i (k + 1) = Ao

i x
o
i (k) + Bo

i ui(k) +
∑
j 6=i

W o
ijuj(k) + Go

i wi(k), yi(k) = Co
i xo

i (k), xo
i ∈ Rno

i .

The noise covariances Go
i QxiG

o
i
′ and Rvi can be determined for the observable CM above, using

any of autocovariance least squares (ALS) methods available in the literature [3; 18; 19; 22; 32].
Here, we use the procedure described in [22]. Since (Ai, Ci) is detectable, a stable estimator gain
Li exists and [22, Assumptions 1 and 2] are satisfied. The closed-loop data for estimating the
covariances is generated using any stable filter gain for each estimator i ∈ IM . The FC-MPC al-
gorithm (Algorithm 1, p. 7) is used for regulation. Two possible scenarios arise during estimation
of the noise covariances. In the first case, Go

i QxiG
o
i
′ and Rvi can be estimated uniquely. A neces-

sary and sufficient rank condition under which the ALS procedure gives unique estimates is given
in [22, Lemma 4]. For the observable subsystem model (Ao

i , C
o
i ) used in ALS estimation, unique

estimates of Go
i QxiG

o
i
′ and Rvi are obtained only if nyi ≥ no

i . For the case nyi < no
i , the estimates

of Go
i QxiG

o
i
′ and Rvi are not unique. In this case, several choices for disturbance covariances

that generate the same output data exist. One may choose any solution to the constrained ALS
estimation problem [22, Equation 13, p. 307] to calculate the estimator gain. Let Go

iQxiGo
i
′ and

Rvi represent a solution to the constrained ALS estimation problem of [22, Equation 13, p. 307]
for subsystem i ∈ IM . A possible choice for the noise shaping matrix and the noise covariances
is Go

i ← Ini , Qxi ← Go
iQxiGo

i
′ and Rvi ← Rvi . Another choice is Go

i ← Go
i

√
Qxi , Qxi ← Igi and

Rvi = Rvi .

Lemma 3. Let Assumptions 1 and 2 be satisfied. Define Ĝi =
[
Go

i

0

]
. (Âi, Ĝi) is stabilizable if and only

if (Ao
i , G

o
i ) is stabilizable.

A proof is given in Appendix A.
Define Gi = T−1

i Ĝi . From Lemma 1, (Ai, Gi) is stabilizable if and only if (Âi, Ĝi) is stabilizable.

Corollary 1. Let Assumptions 1 and 2 be satisfied. Let Ĝi =
[
Go

i

0

]
. (Âi, ĜiQ

1/2
xi ) is stabilizable if and

only if (Ao
i , G

o
i Q

1/2
xi ) is stabilizable.

Using the definition Gi = T−1
i Ĝi , and Lemma 1, (Ai, GiQ

1/2
xi ) is stabilizable if and only if (Âi, ĜiQ

1/2
xi )

is stabilizable.
Remark 1. For each subsystem i ∈ IM , the conditions for the existence of a stable, steady-state
Kalman filter are identical to those described in [24, Theorem 1] for a single (centralized) Kalman
filter. Thus, if Rvi > 0 , Qxi ≥ 0 , (Ai, Ci) is detectable and (Ai, GiQ

1/2
xi ) is stabilizable, the steady-

state Kalman filter for subsystem i exists and is a stable estimator. If Qxi > 0 , the requirements
for stability of the steady-state Kalman filter reduce to Rvi > 0 , (Ai, Ci) is detectable and (Ai, Gi)
is stabilizable [1].
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Remark 2. The steady-state estimate error covariance for subsystem i ∈ IM , Pi , is the solution to
the algebraic Riccati equation

Pi = GiQxiGi
′ + AiPiAi

′ −AiPiCi
′ (Rvi + CiPiCi

′)−1
CiPiAi

′.

The steady-state Kalman filter gain Li for subsystem i is calculated as,

Li = PiCi
′ (Rvi + CiPiCi

′)−1
.

Under the conditions of Remark 1, we have |λmax(Ai −AiLiCi)| < 1 .
In this distributed estimation framework, the noise shaping matrix and noise covariances for

each subsystem are identified using local process data. The estimators are decoupled, stable, and
require only local measurement information. The estimates generated by each local Kalman filter
may not be optimal, however. In [37, Chapter 5], an alternative strategy for distributed estima-
tion, which allows interconnected noise shaping matrices, is presented. Details for this estimation
strategy are omitted for brevity.

3 Closed-loop properties of FC-MPC under output feedback

A brief summary of the FC-MPC optimization problem and algorithm is provided. The reader is
referred to [38, Sections 4 and 6] for details. It is assumed that the CM (Ai, Bi, {Wij}j 6=i, Ci) is
available for each subsystem i ∈ IM . The cost function for subsystem i ∈ IM is

φi (xi,ui; x̂i) =
1
2

∞∑
l=0

[
xi(l)′Qixi(l) + ui(l)′Riui(l)

]
(3)

in which xi(0) = x̂i, Qi ≥ 0 , Ri > 0 and (Ai, Q
1/2
i ) is detectable. The cost function Φi ([u1, . . . ,uM ]; x̂i)

is obtained by eliminating xi, i ∈ IM from φi(·) (Equation (3)), using the appropriate CM (see [38,
Equation (1)]. Define Ui = Ωi× . . .×Ωi ∈ RmiN for each i ∈ IM . The set of admissible subsystem
inputs Ωi, i ∈ IM is assumed to be a convex polytope (hence compact).The FC-MPC optimization
problem for subsystem i , Fi is

Fi , min
ui

1
2
ui
′Riui +

ri(k) +
M∑

j=1,j 6=i

Hiju
p−1
j (k)


′

ui(k) + constant (4a)

subject to
ui ∈ Ui (4b)

in which Qi = diag(Qi(1), . . . , Qi(N − 1), Qi) , Ri = diag(Ri(0), Ri(1), . . . , Ri(N − 1)) ,

Ri = wiRi + wiEii
′QiEii +

M∑
j 6=i

wjEji
′QjEji, Hij =

M∑
l=1

wlEli
′QlElj ,

ri(k) = wiEii
′Qifix̂i(k) +

M∑
j 6=i

wjEji
′Qjfj x̂j(k),
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Eii =


Bi 0 . . . . . . 0

AiBi Bi 0 . . . 0
...

...
...

...
...

AN−1
i Bi . . . . . . . . . Bi

 , Eij =


Wij 0 . . . . . . 0

AiWij Wij 0 . . . 0
...

...
...

...
...

AN−1
i Wij . . . . . . . . . Wij

 , fi =


Ai

A2
i

...

...
AN

i

 ,

with Qi denoting an appropriately chosen terminal penalty. The selection of this terminal penalty
is described in the sequel. At each iterate, an optimization and exchange of information is per-
formed for each subsystem. For subsystem i at iterate p , only the inputs ui are optimized,
updated and transmitted to the interconnected subsystems’ MPCs. The input trajectories corre-
sponding to the other subsystems are held constant at up−1

j , j ∈ IM , j 6= i . For open-loop unstable
systems, an additional terminal state constraint is necessary to ensure stability. Discussion on
closed-loop stability is deferred until Section 3.

Assumption 4. pmax ∈ I+ and 0 < pmax <∞ .

Assumption 5. N ≥ max(α, 1) , in which α = max(α1, . . . , αM ) and αi ≥ 0 denotes the number
of unstable modes for subsystem i ∈ IM .

FC-MPC algorithm and properties

Algorithm 1 (FC-MPC). Given u0
i , x̂i(k), Qi ≥ 0, Ri > 0, ∀ i ∈ IM

pmax > 0, ε > 0, p← 1, κi ← Γε,Γ� 1
while κi > ε for some i ∈ IM and p ≤ pmax

do ∀ i ∈ IM

u∗(p)
i ∈ arg(Fi) (see Equation (4))

up
i ← wiu

∗(p)
i + (1− wi)u

p−1
i

Transmit up
i to each interconnected subsystem j 6= i

κi ← ‖up
i − up−1

i ‖
end (do)
p← p + 1

end (while)

For the set of estimated states µ̂ , let Φ([up
1, . . . ,u

p
M ]; µ̂) =

∑M
r=1 wrΦr([u

p
1, . . . ,u

p
M ]; x̂r) rep-

resent the value of the cooperation-based cost function after p (Algorithm 1) iterates. In [38,
Section 6], the following properties were established for the FC-MPC framework employing Al-
gorithm 1.

Lemma 4. Consider the FC-MPC formulation of Equation (4). The sequence of cost functions
{

Φ([up
1,

up
2, . . . ,u

p
M ]; µ̂)

}
generated by Algorithm 1 is a nonincreasing function of the iteration number p .

See [38, Lemma 4, p. 17].

Lemma 5. All limit points of Algorithm 1 are optimal.

See [38, Lemma 5, p. 18].
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3.1 Output feedback FC-MPC for distributed regulation

Assumption 6. Qi(0) = Qi(1) = . . . = Qi(N−1) = Qi > 0 and Ri(0) = Ri(1) = · · · = Ri(N−1) =
Ri > 0, ∀ i ∈ IM .

Assumption 7. For each i ∈ IM , (Ai −AiLiCi) is stable.

The evolution of the estimate error is given by ei(k + 1) = (Ai − AiLiCi)ei(k) , in which ei(k) is
the state estimate error for subsystem i ∈ IM at time k . From Assumption 7 and Equation (19)
(see Appendix B.1), Zi = LiCi(Ai −AiLiCi), i ∈ IM .

FC-MPC control law under output feedback At time k and set of estimated subsystem states
µ̂(k) , let the FC-MPC algorithm (Algorithm 1) be terminated after p(k) = q ≥ 1 cooperation-based
iterates. Let

uq
i (µ̂(k)) =

[
uq

i (µ̂(k), 0)′, uq
i (µ̂(k), 1)′, . . . , uq

i (µ̂(k), N − 1)′, 0, 0, . . .
] ′, ∀ i ∈ IM

represent the solution to Algorithm 1 after q iterates. The input injected into subsystem i ∈ IM is
uq

i (µ̂(k), 0) . Let
u+

i (µ̂(k)) = [up
i (µ̂(k), 1)′, . . . , up

i (µ̂(k), N − 1)′, 0, 0, . . .]′ (5)

represent a shifted version of up
i (µ̂(k)), i ∈ IM .

3.1.1 Stable decentralized modes

Initialization. At time 0 , each MPC is initialized with the zero input trajectory ui(j|0) = 0, 0 ≤
j , ∀ i ∈ IM . At time k + 1 , the initial input trajectory for each subsystem’s MPC is u0

i (k + 1) =
u+

i (µ̂(k)), i ∈ IM . The cost function value for the set of feasible initial subsystem input trajectories
at k + 1 is J0

N (µ̂(k + 1)) = Φ
(
[u0

1(k + 1),u0
2(k + 1), . . . ,u0

M (k + 1)]; µ̂(k + 1)
)

.

Feasibility and domain of attraction. For (x̂ii(0), ei(0)) ∈ Rnii × Rni , the zero input trajectory
is feasible for each i ∈ IM . Existence of a feasible input trajectory for each i ∈ IM at k = 0
and p(0) = 0 guarantees feasibility of Fi, ∀ i ∈ IM (Equation (4)) at all k ≥ 0 , p(k) > 0 . This
result follows from the initialization procedure, convexity of Ωi,∀ i ∈ IM and Algorithm 1. The
controllable domain for the nominal closed-loop system is Rn × Rn .

Assumption 8. For each i ∈ IM , Aii is stable, Qi = diag
(
Qi(1), . . . , Qi(N − 1), Qi

)
, in which Qi

is the solution of the Lyapunov equation Ai
′QiAi −Qi = −Qi

Exponential stability for the closed-loop system under the output feedback distributed MPC
control law is stated in the following theorem, which requires that the local estimators are expo-
nentially stable but makes no assumptions on the optimality of the estimates.

Theorem 1 (Stable modes). Consider Algorithm 1 employing the FC-MPC optimization problem of Equa-
tion (4). Let Assumptions 1 to 8 hold. The origin is an exponentially stable equilibrium for the perturbed
closed-loop system

x̂i(k + 1) = Aix̂i(k) + Biu
p
i (µ̂(k), 0) +

∑
j 6=i

Wiju
p
j (µ̂(k), 0) + Ziei,

ei(k + 1) = (Ai −AiLiCi)ei(k), i ∈ IM ,
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for all ((x̂i(0), ei(0)), i ∈ IM ) ∈ Rn × Rn and all p = 1, 2, . . . , pmax .

The proof is given in Appendix B.

3.1.2 Unstable modes

For systems with unstable modes, a terminal state constraint that forces the unstable modes to
the origin at the end of the control horizon is employed in each FC-MPC optimization prob-
lem (Equation (4)). This terminal state constraint is necessary for stability. From Assumption 1,
unstable modes, if any, are present only in the decentralized model. We have, therefore, that
Uui

′x̂i = Sui
′x̂ii, i ∈ IM , in which Uui and Sui , are obtained through a Schur decomposition of Ai

and Aii respectively 1. For i ∈ IM , define,

Si = {xii | ∃ui ∈ Ui such that Sui
′[ CN (Aii, Bii)ui + AN

ii xii] = 0} steerable set

to be the set of unstable decentralized modes that can be steered to zero in N moves. For stable
systems, Si = Rnii , i ∈ IM . By definition, Uui

′[ CN (Ai, Bi)ui + AN
i x̂i] = Sui

′[ CN (Aii, Bii)ui +
AN

ii x̂ii] . From Assumption 1 and because the domain of each xij , i, j ∈ IM , j 6= i is Rnij ,

DRi = Rni1 × · · · × Rni(i−1) × Si × Rni(i+1) × · · · × RniM ⊆ Rni , i ∈ IM domain of regulator

represents the set of all xi for which an admissible input trajectory ui exists that drives the un-
stable decentralized modes Uui

′xi to the origin. A positively invariant set, DC , for the perturbed
closed-loop system

x̂+
i = Aix̂i + Biu

p
i (µ̂, 0) +

M∑
j 6=i

Wiju
p
j (µ̂, 0) + Ziei, e+

i = (Ai −AiLiCi)ei, i ∈ IM (6)

is given by

DC = {((x̂i, ei), i ∈ IM ) |
(
(x̂+

i , e+
i ), i ∈ IM

)
∈ DC , x̂i ∈ DRi , i ∈ IM} domain of controller

(7)

The set DC can be constructed for the system described by Equation (6) using any of the tech-
niques available in the literature for backward construction of polytopic sets under state and con-
trol constraints [2; 13; 15; 26].

Initialization. At time 0 , let ((x̂i(0), ei(0)), i ∈ IM ) ∈ DC . A feasible input trajectory, therefore,
exists for each i ∈ IM , and can be computed by solving the following quadratic program (QP).

u0
i (0) = arg min

ui

‖ui‖2

subject to
ui ∈ Ui

Uui
′[ CN (Ai, Bi)ui + AN

i x̂i(0)] = 0

1The Schur decomposition of Aii =
ˆ
Ssi Sui

˜ »
Asii

L
Auii

– »
Ssi

′

Sui
′

–
, Ai =

ˆ
Usi Uui

˜ »
Asi

N
Aui

– »
Usi

′

Uui
′

–
. Eigen-

values of Auii , Aui are on or outside the unit circle. Eigenvalues of Asii , Asi are strictly inside the unit circle.
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We have u0
i (0) = [u0

i (0), 0, 0, . . . . . .] . Let u+
i (µ̂(k)) = [up(k)

i (µ̂(k), 1)′, . . . , up(k)
i (µ̂(k), N − 1)′, 0]′

represent a shifted version of up(k)
i (µ̂(k)) . For times k > 0 , u0

i (k) = u+
i (µ̂(k − 1)) + vi(k) , in

which vi(k) ∈ RmiN is calculated by solving the following QP for each i ∈ IM .

vi(k) = arg min
vi(k)

‖vi(k)‖2 (8a)

subject to
u+

i (µ̂(k − 1)) + vi(k) ∈ Ui (8b)

Uui
′[ CN (Ai, Bi)

(
u+

i (µ̂(k − 1), 1) + vi(k)
)

+ AN
i x̂i(k)] = 0 (8c)

Since DC is positively invariant (by construction) and ((x̂i(0), ei(0)), i ∈ IM ) ∈ DC , a solution
to the optimization problem of Equation (8) exists for all i ∈ IM and all k > 0 . Define vi(k) =
[vi(k)′, 0, 0, . . .]′ .

Assumption 9. α > 0 (see Assumption 5). For each i ∈ IM , Qi = diag
(
Qi(1), . . . , Qi(N − 1), Qi

)
,

in which Qi = UsiΣiUsi
′ with Σi obtained as the solution of the Lyapunov equation Asi

′ΣiAsi −
Σi = −Usi

′QiUsi .

The following theorem establishes exponential closed-loop stability under output feedback for
systems with unstable modes.

Theorem 2 (Unstable modes). Let Assumptions 1 to 7 and Assumption 9 hold. Consider Algorithm 1,
using the FC-MPC optimization problem of Equation (4) with an additional end constraint Uui

′x̂i(k +
N |k) = Uui

′[ CN (Ai, Bi)ui + AN
i x̂i(k)] = 0 enforced on the unstable decentralized modes. The origin is

an exponentially stable equilibrium for the perturbed closed-loop system

x̂i(k + 1) = Aix̂i(k) + Biu
p
i (µ̂(k), 0) +

∑
j 6=i

Wiju
p
j (µ̂(k), 0) + Ziei,

ei(k + 1) = (Ai −AiLiCi)ei(k), i ∈ IM ,

for all ((x̂i(0), ei(0)), i ∈ IM ) ∈ DC (Equation (7)) and all p = 1, 2, . . . , pmax .

The proof is given in Appendix B.

Remark 3. In [38], it is shown that the nominal distributed MPC control law is exponentially sta-
ble. Lipschitz continuity of the nominal distributed MPC control law in the subsystem states µ
is established. Asymptotic stability of the output feedback distributed MPC control law under
decaying perturbations follows using [31, Theorem 3].
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4 Disturbance modeling and distributed target calculation for FC-MPC

4.1 Disturbance modeling for FC-MPC

For each subsystem i ∈ IM , the CM state is augmented with the integrating disturbance. The
augmented CM (Ãi, B̃i, {W̃ij}j 6=i, C̃i, G̃i) for subsystem i is[

xi

di

]
︸︷︷︸
x̃i

(k + 1) =
(

Ai Bd
i

0 I

)
︸ ︷︷ ︸

Ãi

[
xi

di

]
(k) +

(
Bi

0

)
︸ ︷︷ ︸

B̃i

ui(k) +
M∑
j 6=i

(
Wij

0

)
︸ ︷︷ ︸

W̃ij

uj(k) +
(

Gi

I

)
︸ ︷︷ ︸

G̃i

[
wxi

wdi

]
(k),

yi(k) =
(
Ci Cd

i

)︸ ︷︷ ︸
C̃i

[
xi

di

]
(k) + νi(k),

in which di ∈ Rndi , Bd
i ∈ Rni×ndi , Cd

i ∈ Rnyi×ndi . The vectors wxi(k) ∼ N(0, Qxi) ∈ Rngi , wdi
(k) ∼

N(0, Qdi
) ∈ Rndi and νi(k) ∼ N(0, Rvi) ∈ Rnyi are zero mean white noise disturbances affecting

the augmented CM state equation and output equation, respectively. The notation (Bd
i , Cd

i ) rep-
resents the input–output disturbance model pair for subsystem i , in which Bd

i = vec(Bd
i1, . . . , B

d
ii,

. . . , Bd
iM ) . The augmented decentralized model (Ãii, B̃ii, C̃ii) is obtained by augmenting the de-

centralized state xii with the integrating disturbance di . It is assumed that the augmented de-
centralized model with the input-output disturbance model pair (Bd

ii, Cd
i ) is detectable (hence,

ndi
≤ nyi ) 2.

Lemma 6. Let Assumptions 1 and 2 hold. For each subsystem i ∈ IM , let the augmented decentralized
model (Ãii, C̃ii) with the input-output disturbance model pair (Bd

ii, Cd
i ) be detectable. The augmented CM

(Ãi, C̃i) with input disturbance model Bd
i = vec(Bd

i1, . . . B
d
ii, . . . , B

d
iM ) , in which Bd

ii = Bd
ii , Bd

ij =
0, j ∈ IM , j 6= i , and output disturbance model Cd

i , is detectable.

A proof is given in Appendix C.
In view of the internal model principle [9], it may be preferable to choose disturbance models

that best represent the actual plant disturbances. Hence, in certain cases, it may be useful to use
a more general input disturbance model of the form Bd

i = vec(Bd
i1, . . . , B

d
ii, . . . , B

d
iM ) in conjunc-

tion with the output disturbance model Cd
i . The following lemma gives a general condition for

detectability of the augmented CM (Ãi, C̃i) .

Lemma 7. Let Assumption 1 and 2 hold. The augmented CM (Ãi, C̃i) , with input disturbance model
Bd

i = vec(Bd
i1, . . . , B

d
ii, . . . , B

d
iM ) and output disturbance model Cd

i , is detectable if and only if

rank
[
I −Ai −Bd

i

Ci Cd
i

]
= ni + ndi

(9)

A proof is presented in Appendix C.
One method to satisfy the rank condition of Equation (9) is to pick Bd

i and Cd
i such that

range
([

Bd
i

−Cd
i

])
⊆ null

[I −Ai

Ci

]′ . Let (Ãi, C̃i) be detectable and let the steady-state estimator

2Conditions for detectability of the augmented decentralized model are given in [23, Lemma 1, p. 431]
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gain for the state and integrating disturbance vector for subsystem i be denoted by Lxi and Ldi

respectively. The filter equations for subsystem i are[
x̂i

d̂i

]
(k|k) =

[
x̂i

d̂i

]
(k|k − 1) +

[
Lxi

Ldi

](
yi(k)− Cix̂i(k|k − 1)− Cd

i d̂i(k|k − 1)
)

(10a)[
x̂i

d̂i

]
(k + 1|k) =

[
Ai Bd

i

I

] [
x̂i

d̂i

]
(k|k) +

[
Bi

0

]
ui(k) +

M∑
j 6=i

[
Wij

0

]
uj(k) (10b)

in which x̂i, d̂i denotes an estimate of the state and integrating disturbance respectively, for sub-
system i .

4.2 Distributed target calculation

For robustness and redundancy, the number of measurements is typically chosen greater than the
number of manipulated inputs. Consequently, one can achieve offset-free control for only a subset
of the measured variables. Define zi = Hiyi, zi ∈ Rnci ,Hi ∈ Rnci×nyi to be the set of controlled
variables (CVs) for each subsystem i ∈ IM . The choice of CVs is presumed to satisfy:

Assumption 10.

rank
[
I −Aii −Bii

HiCii 0

]
= nii + nci , i ∈ IM , (11)

Assumption 10 implies that the number of CVs for each subsystem i ∈ IM cannot exceed
either the number of manipulated variables (MVs) mi or the number of measurements nyi , and
that HiCii must be full row rank.

Lemma 8. Let Assumptions 1 and 10 hold.

rank
[
I −Ai

HiCi

]
= ni if and only if rank

[
I −Aii

HiCii

]
= nii.

The proof is similar to the proof for Lemma 2, and is omitted.

Assumption 11. rank
[
I −Aii

HiCii

]
= nii, i ∈ IM .

Assumption 11 is a weaker restriction than detectability of (Aii,HiCii) . In the distributed tar-
get calculation framework, the steady-state targets are computed at the subsystem level. At each
iterate, an optimization and exchange of calculated steady-state information among interacting
subsystems is performed. For subsystem i ∈ IM , let zsp

i denote the setpoint for the CVs and
let uss

i represent the corresponding steady-state value for the MVs. Hence, we write zsp
i = Giu

ss
i ,

where Gi is a steady-state gain matrix. The triplet (ysi , xsi , usi) represents the steady-state output,
state and input target for subsystem i . The target objective for subsystem i ∈ IM , Ψi , is defined
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as Ψi(usi) = 1
2(uss

i − usi)
′Rui(u

ss
i − usi) , in which Rui > 0 . Each subsystem i ∈ IM , solves the

following QP at iterate t .

(x∗(t)sii
, u∗(t)si

) ∈ arg min
xsii,usi

1
2
(uss

i − usi)
′Rui(u

ss
i − usi) (12a)

subject to
usi ∈ Ωi (12b)[

I −Aii −Bii

HiCii

] [
xsii

usi

]
=

[
Bd

iid̂i

zsp
i −HiC

d
i d̂i −

∑M
j 6=i

(
giju

t−1
sj

+ hij d̂i

)] (12c)

in which gij = HiCij(I −Aij)−1Bij , hij = HiCij(I −Aij)−1Bd
ij , ∀ i, j ∈ IM , j 6= i .

Existence. Let Assumption 10 be satisfied. Consider[
I −Aii Bii

HiCii

](
xsii

usi

)
=

[
Bd

iid̂i

zsp
i −HiC

d
i d̂i −

∑M
j 6=i

(
gijusj + hij d̂i

)] , i ∈ IM (13)

DT =
{(

(zsp
i , d̂i), i ∈ IM

)
| ∃ ((xsii , usi), i ∈ IM ) satisfying Equation (13)

and usj ∈ Ωj , ∀ j ∈ IM

}
domain of target

If DT is empty, the constraints are too stringent to meet zsp
i , i ∈ IM . For DT nonempty and(

(zsp
i , d̂i), i ∈ IM

)
∈ DT , the feasible region for Equation (12) is nonempty for each i ∈ IM . Since

Rui > 0 , the objective is bounded below. A solution to Equation (12), therefore, exists for all
i ∈ IM [10].

Uniqueness.

Lemma 9. For each subsystem i ∈ IM , let Hi satisfy Assumption 10. Let Assumption 1 hold. The
solution to the target optimization problem (Equation (12)) for each i ∈ IM , if it exists, is unique if and
only if Assumption 11 is satisfied.

A proof is given in Appendix C.

Corollary 2. x
∗(t)
si = [x∗(t)si1

′, . . . , x
∗(t)
siM

′]′, i ∈ IM is unique.

Remark 4. It can be shown that (Ai,HiCi) is detectable if and only if (Aii,HiCii) is detectable. For
subsystem i , if Hi satisfies Assumption 10, (Aii,HiCii) is detectable and Assumption 1 holds,
the solution to the optimization problem of Equation (12) is unique.

The steady-state targets for each i ∈ IM are obtained using the distributed target calculation
algorithm given below.
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Algorithm 2. Given
(
u0

si
, zsp

i , uss
i

)
, Rui > 0, ∀ i ∈ IM , tmax > 0, ε > 0

t← 1, κi ← Γε, Γ� 1
while κi > ε for some i ∈ IM and t ≤ tmax

do ∀ i ∈ IM

Determine (x∗(t)sii , u
∗(t)
si ) from Equation (12)

(xt
sii

, ut
si

)← wi(x
∗(t)
sii , u

∗(t)
si ) + (1− wi)(xt−1

sii
, ut−1

si
)

κi ← ‖(xt
sii

, ut
si

)− (xt−1
sii

, ut−1
si

)‖
Transmit (xt

sii
, ut

si
) to each interconnected subsystem j ∈ IM , j 6= i

end (do)
t← t + 1
end (while)

For each subsystem i ∈ IM at iterate t , the target state xt
sij

, j 6= i is calculated using xt
sij

=

(I − Aij)−1
[
Biju

t
sj

+ Bd
ij d̂i

]
and by definition, xt

si
= [xt

si1

′, . . . , xt
siM

′]′ . All iterates generated
by Algorithm 2 are feasible steady states. Furthermore, the target calculation objective Ψ(·) =∑M

i=1 wiΨi(ut
si

) , in which wi > 0, i ∈ IM and
∑M

i=1 wi = 1 , is a nonincreasing function of the
iteration number t . Since Ψi(·), i ∈ IM is bounded below, the sequence of costs {Ψ(ut

s1
, . . . , ut

sM
)}

converges. The proof for monotonicity and convergence is identical to the proof for Lemma 4 and
is omitted. Let Ψ(ut

s1
, . . . , ut

sM
) → Ψ∞ . Because an equality constraint that couples input targets

of different subsystems is included in the target optimization (Equation (12)), optimality at con-
vergence may not apply for Algorithm 2. Define the limit set S∞ = {((xsii , usi), i ∈ IM ) |Ψ(·) =
Ψ∞} . It can be shown that the sequence (xt

sii
, ut

si
), i ∈ IM (generated by Algorithm 2) con-

verges to a point
(
(x∞sii

, u∞si
), i ∈ IM

)
∈ S∞ . The targets (x∞sii

, u∞si
), i ∈ IM may be different from

(x∗si
, u∗si

), i ∈ IM , the optimal state and input targets obtained using a centralized target calcula-
tion [37]. However, zsp

i = Cix
∞
si

+ Cd
d d̂i and (I −Ai)x∞si

= Biu
∞
si

+
∑M

j 6=i Wiju
∞
sj

+ Bd
i d̂i, i ∈ IM .

4.3 Initialization

At time k = 0 , Algorithm 2 is initialized with any feasible (x0
sii

(0), u0
si

(0)), i ∈ IM . Let Algo-
rithm 2 be terminated after t ∈ I+, t ≤ tmax iterates. For the nominal or constant disturbance case,
the steady-state pair (xt

si
(k), ut

si
(k)), i ∈ IM is a feasible initial guess for the distributed target op-

timization problem (Equation (12)) at time k+1 . Using monotonicity and convergence properties
for Algorithm 2, (xt

si
(k), ut

si
(k)) converges to (x∞si

, u∞si
), i ∈ IM as k →∞ .

5 Offset-free control with FC-MPC

The regulation problem of Section 3 assumed the input and output targets are at the origin. The
targets may of course need to be nonzero while tracking nonzero setpoints or rejecting nonzero
constant disturbances. To achieve offset-free control in the above scenarios, a target calculation is
performed and the target shifted states, inputs and outputs are used in the regulator. In the FC-
MPC framework, Algorithm 2 may be terminated at intermediate iterates. For a large, networked
system, the number of local measurements usually exceeds the number of subsystem inputs. Also,
only the CVs typically have setpoints. Offset-free control can, therefore, be achieved for only the
CVs. The choice of regulator parameters is restricted to enable offset-free control in the CVs.
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Accordingly, the stage cost for subsystem i is defined as

Li(ω̂i, νi) =
1
2

[
‖zi − zsp

i ‖
2
Qzi

+ ‖ui − ut
si
‖2Ri

]
=

1
2
[
ω̂i
′Qiω̂i + νi

′Riνi

]
in which t is the number of distributed target calculation iterates, ω̂i = x̂i − xt

si
, νi = ui − ut

si
,

zsp
i = HiCix

t
si

+ HiC
d
i d̂i , Qzi , Ri > 0 , Qi = Ci

′Hi
′QziHiCi and

(
(zsp

i , d̂i), i ∈ IM

)
∈ DT . The

cost function for subsystem i (Equation (3)) is rewritten as φi(ω̂ωωi(k), νννi(k); ω̂i(k)) , where ω̂ωωi(k) =
[ωi(k+1|k)′, ωi(k+2|k)′, . . .]′ , νννi(k) = [νi(k)′, νi(k+1|k), . . .] and ω̂i(k+ j +1|k) = Aiω̂i(k+ j|k)+
Biνi(k + j|k) +

∑M
s 6=i Wisνs(k + j|k), 0 ≤ j . It can be shown under the assumption Qzi > 0 that

(Ai, Q
1/2
i ) (with Qi defined as above) is detectable if and only if (Aii,HiCii) is detectable. Let

νννi(k) = [νi(k)′, . . . , νi(k + N − 1|k)]′ . The FC-MPC optimization problem for subsystem i is given
by Equation (4), in which each uj , x̂j , j ∈ IM replaced by νννj , ω̂j , respectively.

For the augmented subsystem model (see Section 4.1), detectability of (Ãi, C̃i) implies that a
steady-state estimator gain L̃i exists such that Ãi−ÃiL̃iC̃i is stable. We have ẽ+

i = (Ãi−ÃiL̃iC̃i)ẽi

and Z̃i = L̃iC̃i(Ãi − ÃiL̃iC̃i) , where ẽi is the estimate error for the augmented subsystem model.
Let µt

s = [xt
s1

, . . . , xt
sM

] . The evolution of the perturbed augmented system is given by(
x̂i

d̂i

)+

= Ãi

(
x̂i

d̂i

)
+ B̃iu

p
i (µ̂− µt

s, 0) +
M∑
j 6=i

W̃iju
p
j (µ̂− µt

s, 0) + Z̃iẽi, (14a)

ẽ+
i = (Ãi − ÃiL̃iC̃i)ẽi, zsp,+

i = zsp
i , i ∈ IM , (14b)

in which µ̂− µt
s = [x̂1 − xt

s1
, . . . , x̂M − xt

sM
] . Define

D̃C =
{(

(x̂i, d̂i, ẽi, z
sp
i ), i ∈ IM

)
|
(
(x̂+

i , d̂+
i , ẽ+

i , zsp,+
i ), i ∈ IM

)
∈ D̃C(

(zsp
i , d̂i), i ∈ IM

)
∈ DT , x̂i − xsi(z

sp
i , d̂i) ∈ DRi , i ∈ IM

}
domain of controller (15)

In Equation (15), (x̂+
i , d̂+

i , ẽ+
i , zsp,+

i ), i ∈ IM is calculated using Equation (14). The set D̃C is pos-
itively invariant. The set D̃C represents the maximal positively invariant stabilizable set for dis-
tributed MPC (with target calculation, state estimation and regulation) under constant distur-
bances and time invariant setpoints.

Let (xt
si

, ut
si

) represent the state and input targets obtained for subsystem i ∈ IM after t ∈
I+, t ≤ tmax Algorithm 2 iterations. Let FC-MPC based on either Theorem 1 (stable systems) or
Theorem 2 (unstable systems) be used for distributed regulation. Let Algorithm 1 be terminated
after p ∈ I+, p ≤ pmax iterations. The target shifted perturbed closed-loop system evolves accord-
ing to

ω̂i(k + 1) = Aiω̂i(k) + Biνi(k) +
M∑
j 6=i

Wijνj(k) + τx
i Z̃iẽi(k), (16a)

ẽi(k + 1) = (Ãi − ÃiL̃iC̃i)ẽi(k), i ∈ IM , (16b)

in which ω̂i = x̂i − xt
si

, νi = up
i (µ̂ − µt

s, 0) and τx
i [x̂i

′, d̂i
′]′ = x̂i , i ∈ IM . The input injected into

subsystem i ∈ IM , after p Algorithm 1 iterations and t Algorithm 2 iterations, is up
i (µ̂− µt

s, 0) +
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ut
si

. The evolution of the disturbance estimate follows d̂i(k+1) = d̂i(k)+τd
i Z̃iẽi(k), i ∈ IM , where

τd
i [x̂i

′, d̂i
′]′ = d̂i .

Theorem 3. Let (Ãi, C̃i), i ∈ IM be detectable. The origin is an exponentially stable equilibrium for
the target shifted perturbed closed-loop system given by Equation (16), in which (Ãi − ÃiL̃iC̃i), i ∈ IM

is stable and ω̂i(0) = x̂i(0) − xt
si

(0) , for all p = 1, 2, . . . , pmax , t = 1, 2, . . . , tmax , k ≥ 0 for all(
(x̂i(0), d̂i(0), ẽi(0), zsp

i ), i ∈ IM

)
∈ D̃C .

The proof is given in Appendix C.
The following lemma assures offset-free steady-state tracking performance.

Lemma 10. Let Assumptions 1 to 3 hold. Let (Ãi, C̃i), i ∈ IM be detectable, (Ãi − ÃiL̃iC̃i), i ∈ IM be
stable and ndi

= nyi , ∀ i ∈ IM . Also, let the input inequality constraints for each subsystem i ∈ IM be
inactive at steady state. If the closed-loop system under FC-MPC is stable, the FC-MPCs with subsystem-
based estimators, local disturbance models and distributed target calculation, track their respective CV
setpoints with zero offset at steady state i.e., zsp

i = Hiyi(∞) , where yi(∞) is the output for subsystem i
at steady state, and Hi satisfies Assumption 10.

The proof is given in Appendix C.

6 Examples

6.1 Two reactor chain with nonadiabatic flash

A plant consisting of two continuous stirred tank reactors (CSTRs) and a nonadiabatic flash is
considered. A schematic of the plant is shown in Figure 2. A description of the plant is available
in [38, Section 8.2, p. 26]. A linear model for the plant is obtained by linearizing the plant around
the steady state corresponding to the maximum yield of B . The constraints on the manipulated
variables are given in Table 1. In decentralized and distributed MPC, there are 3 MPCs, one each
for the two CSTRs and one for the nonadiabatic flash. Under centralized MPC, a single MPC
controls the entire plant. A description of the MVs and CVs is provided in [38, Section 8.2, p. 26].

Table 1: Input constraints for Example 6.1. The symbol ∆ represents a deviation from the corre-
sponding steady-state value.

−0.2 ≤ ∆F0 ≤ 0.2 −8 ≤ ∆Qr ≤ 8
−0.04 ≤ ∆F1 ≤ 0.04 −2 ≤ ∆Qr ≤ 2
−0.25 ≤ ∆D ≤ 0.25 −8 ≤ ∆Qb ≤ 8

The states and integrating disturbances for each subsystem are estimated from measurements.
Input disturbance models are used to eliminate steady-state offset. The disturbance models em-
ployed in each MPC framework are given in Table 2. Under output feedback FC-MPC, the states
and integrating disturbances for each subsystem are estimated from local measurements using
subsystem-based Kalman filters. The steady-state targets are calculated in a distributed manner
employing Algorithm 2. Two cases of distributed target calculation for FC-MPC are considered.
In the first case, the distributed target calculation algorithm is terminated after 10 iterates, and in
the second case, the distributed target calculation algorithm is iterated to convergence.
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Hm

F0, xA0, T0

Qb

Fpurge

D, xAd, xBd, Td

Hr

B→ C
A→ BA→ B

B→ C

Hb

Fb, xAb, xBb, Tb

MPC3

MPC1 MPC2

CSTR-1 CSTR-2

FLASH

Fm, xAm, xBm, Tm
Qr Qm

Fr, xAr, xBr, Tr

F1, xA1, T0

dk

Figure 1: Two reactor chain followed by nonadiabatic flash. Vapor phase exiting the flash is pre-
dominantly A . Exit flows are a function of the level in the reactor/flash.

Table 2: Disturbance models (decentralized, distributed and centralized MPC frameworks) for
Example 6.1.

Bd
11 = 0.5

[
B11 B11

]
Cd

11 = 0.5Iz1

Bd
1 = vec(Bd

11, 0, 0) Cd
1 = 0.5Iz1

Bd
22 = 0.5

[
B22 B22

]
Cd

22 = 0.5Iz2

Bd
2 = vec(0, Bd

22, 0) Cd
2 = 0.5Iz2

Bd
33 = 0.5

[
B33 B33

]
Cd

33 = 0.5Iz3

Bd
3 = vec(0, 0, Bd

33) Cd
3 = 0.5Iz3

Bd = diag(Bd
1 , Bd

2 , Bd
3) Cd = diag(Cd

1 , Cd
2 , Cd

3 )
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A feed flowrate disturbance affects CSTR-1 from time = 30 . As a result of this flowrate dis-
turbance, the feed flowrate to CSTR-1 is increased by 5% (relative to the steady-state value). The
disturbance rejection performance of centralized MPC, decentralized MPC and FC-MPC is inves-
tigated for the described disturbance scenario. A control horizon N = 15 is used for each MPC.
The sampling interval is 1.5 . The weight for each CV is 10 and the weight for each MV is 1 . The
performance of the different MPC frameworks rejecting the feed flowrate disturbance to CSTR-
1 (dk in Figure 1) is shown in Figure 2. The resulting temperature and cooling duty changes
are small and therefore, not shown. The closed-loop control costs incurred by the different MPC
frameworks are compared in Table 3.

Under decentralized MPC, the feed flowrate disturbance causes closed-loop instability. With
the centralized MPC and FC-MPC frameworks, the system is able to reject the feed flowrate dis-
turbance. The feed flowrate disturbance dk to CSTR-1 causes an increase in Hr . In the FC-MPC
framework, MPC-1 lowers F0 to compensate for the extra material flow into CSTR-1. MPC-3 co-
operates with MPC-1 and helps drive Hr back to its setpoint by decreasing the recycle flowrate
D to CSTR-1. The initial increase in Hr results in an increase in Fr , which in turn increases Hm .
Subsequently, Fm and hence, Hb also increase. To compensate for the initial increase in Hm ,
MPC-2 decreases F1 . The initial increase in Hb is due to an increase in Fm (MPC-2) and decrease
in D (MPC-3). To lower Hb , MPC-3 subsequently increases D . MPC-1 continues to steer Hr to
its setpoint, inspite of an increase in D (by MPC-3), through a corresponding (further) reduction
in F0 .

The performance loss incurred under FC-MPC, with Algorithm 1 terminated after 1 cooperation-
based iterate and Algorithm 2 terminated after 10 iterates, is ∼ 72% relative to centralized MPC.
If the distributed target calculation algorithm (Algorithm 2) is iterated to convergence, the perfor-
mance loss relative to centralized MPC reduces to ∼ 38% . If both Algorithm 1 and Algorithm 2 are
terminated after 10 iterates, the performance loss relative to centralized MPC is ∼ 43% . Iterating
Algorithm 2 to convergence, and terminating Algorithm 1 after 10 iterates, improves performance
to within 1% of centralized MPC performance.

Table 3: Closed-loop performance comparison of centralized MPC, decentralized MPC and FC-
MPC. The distributed target calculation algorithm (Algorithm 2) is used to determine steady-state
subsystem input, state and output target vectors in the FC-MPC framework.

Λcost × 102 ∆Λcost%
Cent-MPC 4.14 −−

Decent-MPC ∞ −−
FC-MPC (1 iterate, targ=conv) 5.74 38.4%

FC-MPC (1 iterate, targ=10) 7.12 71.2%
FC-MPC (10 iterates, targ=conv) 4.17 0.62%

FC-MPC (10 iterates, targ=10) 5.93 43.2%

6.2 Irrigation Canal Network

The key to agricultural productivity and the goal of irrigation canal networks is to provide the
right quantity of water at the right time and place. The need for flexible, “on-demand” sched-
ules has motivated the need for automatic control of these water networks. Each irrigation canal
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Figure 2: Disturbance rejection performance of centralized MPC, decentralized MPC and FC-MPC.
For the FC-MPC framework, ’targ=conv’ indicates that the distributed target calculation algorithm
is iterated to convergence. The notation ’targ=10’ indicates that the distributed target calculation
algorithm is terminated after 10 iterates.
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Figure 3: Structure of an irrigation canal. Each canal consists of a number of interconnected
reaches.

consists of a fixed number of reaches that are interconnected through control gates. In reach i
(see Figure 3), the downstream water level yi is controlled by manipulating the gate opening ui .
However the water level yi is also affected by the gate opening ui+1 in reach i + 1 . At the down-
stream end of each reach i , an off-take discharge Qi supplies water to meet local demands. For
each reach, the off-take discharge is dictated by the local water demand. Variations in the off-take
discharge are disturbances for the system. Representative publications on the modeling of canal
networks include [11; 30]. Typically, different sections of the irrigation canal network are admin-
istered by different governing bodies (e.g., different municipalities) making centralized control
impractical and unrealizable. A decentralized control formulation in which each canal reach em-
ploys a local controller to regulate water levels may realize poor closed-loop performance as a
result of the interaction between adjacent reaches.

Reach 8

7 Km

Gate 1

3 Km 3 Km 4 Km 4 Km 3 Km 2 Km 2 Km

Reach 1

Gate 8

Q1

Figure 4: Profile of ASCE test canal 2 [6]. Total canal length 28 km.

The example we consider here is canal 2 of the test cases established by the ASCE task com-
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Table 4: Gate opening constraints for Example 6.2. The symbol ∆ denotes a deviation from the
corresponding steady-state value.

−1.5 ≤ ∆u1 ≤ 1.5
−1.5 ≤ ∆u2 ≤ 1.5
−0.4 ≤ ∆u3 ≤ 0.4
−0.1 ≤ ∆u4 ≤ 0.1
−0.25 ≤ ∆u5 ≤ 0.25
−0.15 ≤ ∆u6 ≤ 0.15
−0.1 ≤ ∆u7 ≤ 0.1
−0.1 ≤ ∆u8 ≤ 0.1
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Figure 5: Control of ASCE test canal 2. Water level control for reaches 3, 4 and 6 .
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mittee [6]. The canal under consideration is fed by a constant water level reservoir at its head.
The canal consists of 8 interconnected reaches with the downstream end closed (Figure 4). Be-
tween times 0.5 hrs and 2.5 hrs, an off-take discharge disturbance affects reaches 1 − 8 . During
this time, reaches 1, 3, 5 and 7 experience an off-take discharge disturbance of 2.5 m3/min and
simultaneously, a discharge disturbance −2.5 m3/min affects reaches 2, 4, 6 and 8 . The closed-
loop performance of centralized MPC, decentralized MPC and FC-MPC, rejecting this off-take
discharge disturbance is assessed. The permissible gate opening ∆ui (deviation w.r.t to steady
state) for each reach i, i ∈ {1, 2, . . . , 8} is given in Table 4. In the decentralized and distributed
MPC frameworks, there are 8 MPCs, one for each reach.

Table 5: Closed-loop performance of centralized MPC, decentralized MPC and FC-MPC rejecting
the off-take discharge disturbance in reaches 1 − 8 . The distributed target calculation algorithm
(Algorithm 2) is iterated to convergence.

Λcost × 104 ∆Λcost%
Cent-MPC 4.58 −−

Decent-MPC 7.81 70.5%
FC-MPC (1 iterate) 7.41 61.8
FC-MPC (2 iterates) 5.88 28.4%
FC-MPC (5 iterates) 4.99 9.0%
FC-MPC (10 iterates) 4.72 3.1%

In each MPC framework, the state and constant disturbances are estimated using a steady-
state Kalman filter. Output disturbance models are used to eliminate steady-state offset due to
the unmeasured off-take discharge disturbances. For FC-MPC, the distributed target calculation
algorithm is iterated to convergence. The performance of the different MPCs, rejecting the off-take
discharge disturbance in reaches 3, 4 and 6 is shown in Figure 5. For each MPC, Qi = 10, Ri =
0.1, i ∈ {1, 2, . . . , 8} . The sampling rate is 0.1 hrs (or every 6 minutes) and the control horizon N
for each MPC is 30 .

Based on control costs calculated at steady state (Table 5), decentralized MPC leads to a control
performance loss of ∼ 70% relative to centralized MPC performance. In the FC-MPC framework,
with Algorithm 1 terminated after a single iterate, the incurred performance loss w.r.t centralized
MPC is ∼ 62% . If the FC-MPC algorithm is terminated after 2 cooperation-based iterates, the
performance loss reduces to ∼ 29% of centralized MPC performance. The FC-MPC framework
achieves performance that is within 3.25% of centralized MPC performance if 10 cooperation-
based iterates are allowed.

7 Discussion and conclusions

The primary contribution of this work is an output feedback distributed MPC framework with
guaranteed feasibility, optimality and perturbed closed-loop stability properties. A distributed
state estimation strategy was proposed for estimating the subsystem states using local measure-
ments. An attractive feature of the proposed distributed estimator design procedure (Section 2.1)
is that it requires only local process data. The distributed estimation strategies presented here do
not require a ’master’ processor. The trade-off is the suboptimality of the generated estimates; the
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obtained estimates, however, converge to the true subsystem states exponentially for the nominal
model. The FC-MPC algorithm (Algorithm 1) presented in [38] is used for distributed regula-
tion. Closed-loop stability under decaying perturbations for all (Algorithm 1) iteration numbers is
established. The perturbed closed-loop stability result guarantees that the distributed estimator-
distributed regulator assembly is stabilizing under intermediate termination of the FC-MPC algo-
rithm.

A disturbance modeling framework that uses local integrating disturbances was employed.
This choice of local integrating disturbances is motivated by considerations of simplicity and prac-
tical convenience. A simple rank test is necessary and sufficient to verify suitability of postulated
subsystem disturbance models. Next, a distributed target calculation algorithm that computes
steady-state input, state and output targets at the subsystem level was described. All iterates
generated by the distributed target calculation algorithm are feasible steady states. Also, the
target cost function is monotonically nonincreasing with iteration number. The attributes de-
scribed above allow intermediate termination of the distributed target calculation algorithm. A
maximal positively invariant stabilizable set for distributed MPC, with state estimation, target
calculation and regulation, was defined. This positively invariant set characterizes system state,
disturbance, estimate error and setpoint quadruples for which the system can be stabilized using
the distributed MPC control law. Zero-offset control at steady state is established for the set of
subsystem-based MPCs under the assumption that the input constraints for each subsystem are
inactive at steady state. An interesting result, which follows from Lemmas 6 and 10, is that distur-
bance models that achieve zero-offset steady-state control under decentralized MPC are sufficient
to achieve zero-offset steady-state control in the FC-MPC framework.

Two examples were presented to illustrate the effectiveness of the proposed output feedback
distributed MPC framework. In the first example, control of a chemical plant was investigated
in the presence of a feed flowrate disturbance. Decentralized MPC is unable to reject the dis-
turbance and results in closed-loop instability. In this example, the distributed target calculation
algorithm (for FC-MPC) was terminated at an intermediate iterate. FC-MPC is able to reject the
disturbance and achieves zero offset steady-state control performance for all values of distributed
target calculation and distributed regulation algorithm iteration numbers. Next, FC-MPC was em-
ployed to reject a discharge disturbance in an irrigation canal. Local output disturbance models
were used to achieve zero offset steady-state control performance. The first iterate was observed
to improve performance marginally (∼ 9% ) compared to decentralized MPC. A second iterate,
however, leads to a significant improvement in performance (∼ 41% ) compared to decentralized
MPC. For this example, it is recommended that at least two iterates per sampling interval be per-
formed.

Implementation. The structure of the FC-MPC framework with distributed estimation, local dis-
turbance modeling and distributed target calculation is shown in Figure 6. Each subsystem uses a
local Kalman filter to estimate its states and integrating disturbances. The only external informa-
tion required are the inputs injected into the interconnected subsystems. This input information,
however, is available in the regulator and consequently, no information transfer between subsys-
tems is needed at the estimation level. Next, the targets are calculated locally. The input target is
relayed to all interacting subsystems after each iterate (Algorithm 2). The setpoint for subsystem
CVs, local integrating disturbances and the decentralized state target need not be communicated
to interconnected subsystems. For distributed regulation, the subsystem state estimate is commu-
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Figure 6: Structure of output feedback FC-MPC.

nicated to all interconnected subsystems at each k ; the recalculated input trajectories are broadcast
to interacting subsystems after each iterate. For each subsystem i ∈ IM , by setting wi = 1 and
wj = 0, ∀ j 6= i in the FC-MPC regulator optimization problem and Aij , Cij = 0 , ∀ j 6= i in the
estimator and the target optimization problem, and by switching off the communication between
the subsystems, we revert to decentralized MPC.
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Appendices

A State estimation for FC-MPC

Proof for Lemma 1. Let T be a similarity transform for the LTI system (Am, Bm, Cm, Gm) with
(Am, Bm) stabilizable and (Am, Cm) detectable. Let the transformed LTI system be

(Ãm, B̃m, C̃m, G̃m) = (TAmT−1, TBm, CmT−1, TGm).

We know from the Hautus lemma [33] that

rank(H(λ)) = rank
[
λI −Am

Cm

]
= n, ∀ |λ| ≥ 1

From the definition of T and H(λ) , we have

H(λ) =
[
λI −Am

Cm

]
=

[
λI − T−1ÃmT

C̃mT

]
=
[
T−1

I

][
λI − Ãm

C̃m

]
T

Let H̃[λ] =

[
λI − Ãm

C̃m

]
. Therefore, H̃[λ] =

[
T

I

]
H(λ) T−1 . Suppose (Ãm, C̃m) is not detectable.

By assumption, there exists λ1, |λ1| ≥ 1 and z such that H̃[λ1]z = 0, z 6= 0 , which gives[
T

I

]
H[λ1] T−1z = 0, z 6= 0

Let v = T−1z . Since z 6= 0 and T is full rank, v 6= 0 . This gives H[λ1]v = 0, v 6= 0 , which
contradicts detectability of (Am, Cm) . The arguments establishing the implication (Ãm, C̃m) de-
tectable =⇒ (Am, Cm) detectable are similar to those used earlier with T replaced by T−1 . Since
stabilizability of (Ãm, B̃m) ≡ detectability of (Ãm

′, B̃m
′) , stabilizability is also invariant under a

similarity transformation.
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Theorem 4. Let

A =
(
A
As

)
∈ R(n+ns)×(n+ns), C =

(
C Cs

)
∈ Rny×(n+ns), (17)

in which As is stable, A ∈ Rn×n and C ∈ Rny×n . The pair (A, C) is detectable if and only if (A, C) is
detectable.

Proof. From the Hautus lemma for detectability [33, p. 318], (A, C) is detectable iff rank
([

λI −A
C

])
=

n, ∀ |λ| ≥ 1 .
(A, C) detectable =⇒ (A, C) detectable. Consider |λ| ≥ 1 . Detectability of (A, C) implies the

columns of
[
λI −A
C

]
are independent. Hence,

λI −A
0
C

 has independent columns. Since As

is stable, the columns of λI −As are independent, which implies the columns of

 0
λI −As

Cs

 are

also independent. Due to the positions of the zeros, the columns ofλI −A 0
0 λI −As

C Cs


are also independent. Hence, (A, C) is detectable.
(A, C) detectable =⇒ (A, C) detectable. We have from the Hautus lemma for detectability that
the columns of λI −A

λI −As

C Cs



are independent for all |λ| ≥ 1 . The columns of

λI −A
0
C

 are, therefore, independent. Hence,

the columns of
[
λI −A
C

]
are independent, which gives (A, C) is detectable.

Proof for Lemma 2. Let A = Aii , C = Cii , As = diag(Ai1, . . . , Ai(i−1), Ai(i+1), . . . , AiM ) and
Cs = [Ci1, . . . , Ci(i−1), Ci(i+1), . . . , CiM ] . Also, let A , C be given by Equation (17). We note that
Ai = UAU , Ci = CU , in which U is a unitary matrix (hence a similarity transform). Invoking
Theorem 4 and Lemma 1, we have the required result.

Proof for Lemma 3. (Âi, Ĝi) stabilizable =⇒ (Ao
i , G

o
i ) stabilizable. By assumption, we have

rank
[
λI −Ao

i 0 Go
i

−A12
i λI −Ao

i 0

]
= ni = no

i + no
i , ∀ |λ| ≥ 1,
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in which Ao
i ∈ Rno

i×no
i . Consider |λ| ≥ 1 . From the rank condition above, we have that the rows of

[λI−Ao
i , 0, Go

i ] are independent. Hence, the rows of
[
λI −Ao

i Go
i

]
are independent i.e., (Ao

i , G
o
i )

is stabilizable.
(Ao

i , G
o
i ) stabilizable =⇒ (Âi, Ĝi) stabilizable. Since (Ao

i , G
o
i ) is stabilizable, the rows of[

λI −Ao
i Go

i

]
are independent for all |λ| ≥ 1 . Hence, the rows of

[
λI −Ao

i 0 Go
i

]
are also

independent. From Lemma 2, (Ai, Ci) is detectable. Since (Ai, Ci) is detectable, its observability
canonical form (Âi, Ĉi) is also detectable (Lemma 1). From Equation (2), Ao

i is stable. The rows of
λI − Ao

i are independent, which implies the rows of
[
−A12

i λI −Ao
i 0

]
are also independent.

Due to the positions of the zeros, the rows of[
λI −Ao

i 0 Go
i

−A12
i λI −Ao

i 0

]
are independent, which gives (Âi, Ĝi) is stabilizable.

B Closed-loop properties of FC-MPC under output feedback

Lemma 11 ([5]). Suppose Z is a positive semidefinite n × n matrix and a, b are n-dimensional vectors.
Then given δ > 0 ,

(a + b) ′Z (a + b) ≤ (1 + δ) a′Za +
(

1 +
1
δ

)
b′Zb (18)

Lemma 12. Let Ax = b be a system of linear equations with A ∈ Rm×n, b ∈ Rm, m ≤ n . Consider
X ⊂ Rn nonempty, compact, convex with 0 ∈ int(X ) . The set B ⊆ range(A) is defined as B =
{b | Ax = b, x ∈ X} . For every b ∈ B, ∃ x(b) dependent on b , and K > 0 independent of b such that
Ax(b) = b, x(b) ∈ X and ‖x(b)‖ ≤ K‖b‖ .

A proof is given in [38, Appendix A].

Definition 1 (Hölder’s inequality). For any set of nonnegative quantities ai and bi , i = 1, 2, . . . , n ,
we have

(ap
1 + ap

2 + . . . + ap
n)1/p(bq

1 + bq
2 + . . . + bq

n)1/q ≥ a1b1 + a2b2 + . . . + anbn

in which p and q are related by
1
p

+
1
q

= 1

Corollary 1.1. For any set of nonnegative quantities ai , i = 1, 2, . . . , n , np−1 (
∑n

i=1 ap
i ) ≥ (

∑n
i=1 ai)

p .

Proof. The result follows by choosing bi = 1 , i = 1, 2, . . . , n in Hölder’s inequality (Definition 1),
and noting that p

q = p− 1 .

B.1 Preliminaries

Nominal closed-loop subsystem. Let Algorithm 1 be terminated after p ∈ I+ iterates. The
evolution of each nominal closed-loop subsystem i ∈ IM follows x+

i = Aixi + Biu
p
i (µ, 0) +∑

j 6=i Wiju
p
j (µ, 0) = F p

i (µ) , in which up
i (µ, 0) is the control law for subsystem i .
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Perturbed closed-loop subsystem. Let ei = xi − x̂i,	 denote the current estimate error for sub-
system i ∈ IM . The symbol x̂i,	 denotes the estimate of xi before current measurement yi is
available; x̂i represents the estimate of xi after yi is available. Let e+

i denotes the estimate error
at the subsequent time step.

Assumption 12. e+
i = AL

i ei, |λmax(AL
i )| < 1, i ∈ IM ,

For Algorithm 1 terminated after p iterates, the control law for subsystem i ∈ IM is up
i (µ̂, 0)

(see Section 3.1). We have the following equations for the filter for subsystem i

x̂i = x̂i,	 + Li(yi − Cix̂i,	), x̂+
i,	 = Aix̂i + Biu

p
i (µ̂, 0) +

M∑
j 6=i

Wiju
p
j (µ̂, 0),

in which x̂+
i,	 represents an estimate of the successor subsystem state x+

i before new measure-
ment y+

i is available and Li, i ∈ IM is the filter gain. For each subsystem i ∈ IM , we have

ξi(1) = x̂+
i − x̂+

i,	 = (x̂+
i,	 + LiCie

+
i )− x̂+

i,	 = Ziei, Zi = LiCiAL
i , (19)

in which x̂+
i represents an estimate of x+

i after y+
i is available. Consider Figure 7. Let xp

i =
[ρp

i (1)′, ρp
i (2)′, . . .]′ be the state trajectory for subsystem i ∈ IM generated by up

1, . . . ,u
p
M and

initial subsystem state x̂i (trajectory A
p
i in Figure 7). We have ρp

i (1) = x̂+
i,	, i ∈ IM . The evolution

of ρp
i (j), j ≥ 1 in A

p
i is

ρp
i (j) = Aj−1

i ρp
i (1) +

j−1∑
l=1

Aj−1−l
i Biu

p
i (µ̂, l) +

M∑
s 6=i

j−1∑
l=1

Aj−1−l
i Wisu

p
s(µ̂, l) (20)

The state estimate for subsystem i ∈ IM at the subsequent time step is x̂+
i = ρp

i (1) + Ziei . Let
zi(1) = x̂+

i . For each i ∈ IM , let wi = [wi(1)′, wi(2)′, . . .]′ , wi(j) ∈ Ωi, j ≥ 1 be an admissible
input trajectory from zi(1) . Let zi = [zi(2)′, zi(3), . . .]′ be the state trajectory for subsystem i ∈ IM

generated by w1, . . . ,wM and initial subsystem state zi(1) (trajectory B0
i in Figure 7). For zi(j)

in B0
i , we write

zi(j) = Aj−1
i zi(1) +

j−1∑
l=1

Aj−1−l
i Biwi(l) +

M∑
s 6=i

j−1∑
l=1

Aj−1−l
i Wisws(l) (21)

Define ξi(j) = zi(j)−ρp
i (j), vi(j) = wi(j)−up

i (µ̂, j), j ≥ 1 and all i ∈ IM . For j = 1 , we know
from Equation (19) that ξi(1) = Ziei, i ∈ IM . For j > 1 , we have from Equations (20) and (21)
that

ξi(j) = Aj−1
i ξi(1) +

j−1∑
l=1

Aj−1−l
i Bivi(l) +

M∑
s 6=i

j−1∑
l=1

Aj−1−l
i Wisvs(l) (22)

For Algorithm 1 terminated after p iterates, the evolution of each perturbed closed-loop subsys-
tem i ∈ IM follows

x̂+
i = Aix̂i + Biu

p
i (µ̂, 0) +

M∑
j 6=i

Wiju
p
j (µ̂, 0) + Ziei, e+

i = AL
i ei (23)
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ξi(1) = Ziei

trajectory Ap
i

trajectory B0
i

ξi(2)

x̂+
i,	 = ρp

i (1)

ρp
i (2)

ρp
i (3)

x̂i

x̂+
i = zi(1)

wi(1)

zi(2)

wi(2)
zi(3)

wi(3)

Figure 7: Trajectory A
p
i is the state trajectory for subsystem i generated by up

1, . . . ,u
p
M and initial

subsystem state x̂i . The state trajectory B0
i for subsystem i is generated by w1, . . . ,wM from

initial state zi(1) .

B.2 Main result

Let µ̂+ = [x̂+
1 , . . . x̂+

M ] and p, q ∈ I+ . For the set of estimated subsystem states µ̂ , we assume
(WLOG) that Algorithm 1 is terminated after p iterates. At the subsequent time step with esti-
mated state µ̂+ , let q (possibly different from p ) iterates be performed. Let the distributed MPC
control law up

i (µ̂, 0), i ∈ IM be defined for µ̂ ∈ X0 . Define Xu = {µ̂ | µ̂ ∈ X0, u
p
i (µ̂, 0) ∈ Ωi, i ∈

IM} .

Assumption 13. For the nominal closed-loop system x+
i = F p

i (µ), i ∈ IM , Jp
N (µ) = Φ([up

1, . . . ,u
p
M ]

;µ) is a Lyapunov function satisfying

ar

M∑
i=1

‖xi‖2 ≤Jp
N (µ) ≤ br

M∑
i=1

‖xi‖2 (24a)

∆JN (µ) ≤ −cr

M∑
i=1

‖xi‖2 (24b)

in which ar, br, cr > 0 and ∆JN (µ) = Jq
N (µ+)− Jp

N (µ) .

Define the set

Z = { ((x̂i, ei), i ∈ IM ) |
(
(x̂+

i , e+
i ), i ∈ IM

)
∈ Z, µ̂ ∈ Xu}, (25)

in which (x̂+
i , e+

i ) is given by Equation (23). Let ((x̂i(0), ei(0)), i ∈ IM ) represent the set of initial
(estimated) subsystem states and initial estimate errors, respectively.

Theorem 5. Let Assumptions 6, 12 and 13 hold. Consider the auxiliary system

ξi(j + 1) = Aiξi(j) + Bivi(j) +
M∑
l 6=i

Wilvl(j), vi(j) + up
i (µ̂(0), j) ∈ Ωi, ∀ i ∈ IM , j ≥ 1,
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with initial condition ξi(1) = Ziei(0) . Suppose a set of perturbation trajectories vi = [vi(1)′, vi(2)′, . . .]′ ,
i ∈ IM and a constant σr > 0 exist such that

M∑
i=1

wi

∞∑
j=1

Li(ξi(j), vi(j)) ≤ σr‖ei(0)‖2, (26)

the perturbed closed-loop system

x̂i(k + 1) = Aix̂i(k) + Biu
p
i (µ̂(k), 0) +

M∑
l 6=i

Wilu
p
l (µ̂(k), 0) + Ziei(k),

ei(k + 1) = AL
i ei(k), i ∈ IM ,

is exponentially stable for all ((x̂i(0), ei(0)), i ∈ IM ) ∈ Z (Equation (25)).

Proof. To establish exponential stability, we choose a candidate Lyapunov function that com-
bines the regulator cost function and the subsystem state estimation errors ([5] employ a similar
idea to show exponential stability of a single (centralized) MPC under output feedback). Define
V p

N ((x̂i, ei), i ∈ IM ) = Jp
N (µ̂) + 1

2

∑M
i=1 wie

′
iΨiei to be a candidate Lyapunov function, in which

Ψi is the solution of the Lyapunov equation AL
i
′ΨiAL

i − Ψi = −Πi and Πi > 0 is a user-defined
matrix. Since AL

i is a stable matrix and Πi > 0 , it follows that Ψi exists, is unique and positive
definite (p.d.) [33, p. 230] for all i ∈ IM . Consider any x̂i(0) = x̂i and ei(0) = ei, i ∈ IM such that
((x̂i, ei), i ∈ IM ) ∈ Z . We need to show [39, p. 267] that there exists constants a, b, c > 0 such that

a
M∑
i=1

[
‖x̂i‖2 + ‖ei‖2

]
≤ V p

N ((x̂i, ei), i ∈ IM ) ≤ b
M∑
i=1

[
‖x̂i‖2 + ‖ei‖2

]
(27a)

∆VN ((x̂i, ei), i ∈ IM ) ≤ −c

M∑
i=1

[
‖x̂i‖2 + ‖ei‖2

]
, (27b)

in which ∆V p
N ((x̂i, ei), i ∈ IM ) = V q

N

(
(x̂+

i , e+
i ), i ∈ IM

)
− V p

N ((x̂i, ei), i ∈ IM ) .
For subsystem i ∈ IM , let xp

i = [ρp
i (1)′, ρp

i (2)′, . . .]′, ρp
i (1) = x̂+

i,	 = F p
i (x̂i) be the state trajectory

generated by the input trajectories up
1, . . . ,u

p
M , obtained after p Algorithm 1 iterates, and initial

subsystem state x̂i (see Figure 7). Let wi = u+
i (µ) + vi, i ∈ IM (see Equation (5)) be a set of

feasible subsystem input trajectories from µ̂+ . The set of input trajectories w1, . . . ,wM is used to
initialize Algorithm 1 at the subsequent time step (from µ̂+ ). Let zi = [zi(2)′, zi(3)′, . . .]′ denote
the state trajectory generated by the set of feasible input trajectories w1, . . . ,wM , in which zi(2) =
Aix̂

+
i +Biwi(1)+

∑M
j 6=i wj(1) . For convenience, we define zi(1) = x̂+

i , ∀ i ∈ IM . By definition (see
p. 30), we have zi(j) = ρp

i (j) + ξi(j), j ≥ 1, i ∈ IM , and from Equation (19), ξi(1) = Ziei, i ∈ IM .
Using Lemma 4, we have

Jq
N (µ̂+) = Φ([uq

1, . . . ,u
q
M ]; µ̂+) ≤ Φ([w1, . . . ,wM ]; µ̂+)

=
M∑
i=1

wi

∞∑
j=1

Li(zi(j), wi(j))

=
M∑
i=1

wi

∞∑
j=1

Li(ρ
p
i (j) + ξi(j), u

p
i (j) + vi(j))
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Invoking Lemma 11 gives,

≤
M∑
i=1

wi

∞∑
j=1

[
(1 + δ)Li(ρ

p
i (j), u

p
i (j)) +

(
1 +

1
δ

)
L(ξi(j), vi(j))

]

Hence, we have

Jq
N (µ̂+) ≤ (1 + δ)

M∑
i=1

wi

∞∑
j=1

Li(ρ
p
i (j), u

p
i (j)) +

(
1 +

1
δ

) M∑
i=1

wi

∞∑
j=1

Li(ξi(j), vi(j))

≤ (1 + δ)

[
Jp

N (µ̂)−
M∑
i=1

wiLi(x̂i, u
p
i (µ, 0))

]
+
(

1 +
1
δ

)
σr

M∑
i=1

‖ei‖2

We know Jp
N (µ) ≤ br

∑M
i=1 ‖xi‖2 . Let ω = mini∈IM

wi
1
2λmin(Qi) . Therefore,

Jq
N (µ̂+)− Jp

N (µ) ≤ δJp
N (µ̂)−

M∑
i=1

wiLi(x̂i, u
p
i (µ, 0)) +

(
1 +

1
δ

)
σr

M∑
i=1

‖ei‖2

≤ −(ω − δbr)
M∑
i=1

‖x̂i‖2 +
(

1 +
1
δ

)
σr

M∑
i=1

‖ei‖2

Since wi, Qi > 0, ∀ i ∈ IM , ω > 0 . Subsequently, we can choose 0 < c < ω and δ∗ = ω − c
br

> 0 .

Let d = σr

(
1 + 1

δ∗

)
. We have

Jq
N (µ̂+)− Jp

N (µ) ≤ −c

M∑
i=1

‖xi‖2 + d

M∑
i=1

‖ei‖2

Define

∆e =
1
2

M∑
i=1

wie
+
i
′Ψie

+(k + 1)− 1
2

M∑
i=1

wiei
′Ψiei

=
1
2

M∑
i=1

wi

{
ei
′ [AL

i
′ΨiAL

i −Ψi

]
ei

}

= −1
2

M∑
i=1

wiei
′Πiei

Let wmin = mini∈IM
wi . The restriction wi > 0, i ∈ IM implies wmin > 0 . Since Πi is a user-

defined matrix, we can choose Πi = Π,∀ i ∈ IM such that λmin(Π) = 2
wmin

(d + c) 3. Noting that

3e.g., choose Π to be any diagonal matrix with the smallest diagonal entry equal to 2
wmin

(d + c) .
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∆VN (·) = Jq
N (µ̂+)− Jp

N (µ̂) + ∆e gives

∆VN ((x̂i, ei), i ∈ IM ) ≤ −c

M∑
i=1

‖x̂i‖2 + d

M∑
i=1

‖ei‖2 −
1
2

(
min
i∈IM

wiλmin(Πi)
) M∑

i=1

‖ei‖2

= −c
M∑
i=1

‖x̂i‖2 −
(

1
2
wminλmin(Π)− d

) M∑
i=1

‖ei‖2

= −c
M∑
i=1

[
‖x̂i‖2 + ‖ei‖2

]
Since Ψi > 0, ∀ i ∈ IM , there exists constants ae, be > 0 such that

ae

M∑
i=1

‖ei‖2 ≤
1
2

M∑
i=1

wiei
′Ψiei ≤ be

M∑
i=1

‖ei‖2.

The choice a = min(ar, ae) , b = max(br, be) satisfies Equation (27a).

Proof for Theorem 1. From Lemma 2, we have (Ai, Ci) is detectable. It follows from Section 2
that there exists Li,∀ i ∈ IM such that AL

i = (Ai − AiLiCi) is a stable matrix. From [33, p. 231],
Qi > 0, i ∈ IM . Following arguments used in the proof for [38, Theorem 1], constants ar, br and
cr that satisfy Equation (24) can be determined. We note that u+

i (µ̂), i ∈ IM is a set of feasible
input trajectories for the successor subsystem states µ̂+ . For the choice vi = [0, 0, . . .]′, ∀ i ∈ IM ,
Equation (22) gives ξi(j) = Aj−1

i ξi(1), 1 ≤ j . Hence,

M∑
i=1

wi

∞∑
j=1

Li(ξi(j), vi(j)) =
M∑
i=1

wi

∞∑
j=1

Li(ξi(j), 0) =
M∑
i=1

wi

∞∑
j=1

ξi(j)′A
j−1
i

′QiA
j−1
i ξi(j)

=
M∑
i=1

wiξi(1)′Qiξi(1)

≤
M∑
i=1

wiλmax(Qi)‖Zi‖2‖ei‖2

The choice σr = max(w1λmax(Qi)‖Zi‖2, . . . , wMλmax(QM )‖ZM‖2) satisfies Equation (26). Invok-
ing Theorem 5 with Z = Rn × Rn completes the proof.

Proof for Theorem 2. Existence of Li = Li, i ∈ IM such that AL
i = (Ai − AiLiCi) is a stable ma-

trix follows from Lemma 2. A procedure for determining constants ar, br and cr satisfying Equa-
tion (24) is given in the proof for [38, Theorem 2]. Consider Figure 7. We have using Equation (20)
and the definition of up

i (µ) that Uui
′ρp

i (N) = Uui
′ρp

i (N + 1) = 0 . For ((x̂i, ei), i ∈ IM ) ∈ DC

(see Section 3.1.2), vi, i ∈ IM exists. One possible choice for vi is the solution to the QP of
Equation (8). Let vi = [vi

′, 0, . . .]′ and define wi = u+
i (µ̂) + vi, i ∈ IM to be admissible input

trajectories from µ̂+ satisfying Uui
′zi(N +1) = 0, i ∈ IM . Hence, Uui

′ξi(N +1) = 0, ∀ i ∈ IM . Let
j ∈ I+ ∪ {0} . From Lemma 12, a constant Kei independent of ei exists for each i ∈ IM such that
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‖vi(j)‖ ≤ Kei‖ei‖, 0 ≤ j and Uui
′ξi(N + 1) = 0 . Let Ai = max0≤j≤N ‖Aj

i‖ and A = maxi∈IM
Ai .

For each subsystem i ∈ IM , we have from Equation (22) that

‖ξi(j)‖ ≤ ‖Aj−1
i ‖‖ξi(1)‖+

j−1∑
l=1

‖Aj−1−l
i ‖‖Bi‖‖vi(l)‖+

j−1∑
l=1

M∑
s 6=i

‖Aj−1−l
i ‖‖Wis‖‖vs(l)‖

= A‖Zi‖‖ei‖+
j−1∑
l=1

A‖Bi‖Kei‖ei‖+
M∑
s 6=i

j−1∑
l=1

A‖Wis‖Kei‖es‖

≤ A(‖Zi‖+ N‖Bi‖Kei)‖ei‖+
M∑
s 6=i

NA‖Wis‖Kes‖es‖

≤ βei

M∑
s=1

‖es‖, ∀ 1 ≤ j ≤ N + 1,

in which βei = max(A(‖Zi‖ + N‖Bi‖Kei),Ξi) and Ξi = NAmaxs∈IM
‖Wis‖Kes . Let F∞ =∑M

i=1 wi
∑∞

j=1 Li (ξi(j), vi(j)) . We have

F∞ =
M∑
i=1

wi

 N∑
j=1

Li(ξi(j), vi(j)) +
∞∑

j=N+1

Li(ξi(j), vi(j))


=

M∑
i=1

wi

 N∑
j=1

Li(ξi(j), vi(j)) +
1
2
ξi(N + 1)′Qiξi(N + 1)


≤

M∑
i=1

wi
1
2

[λmax(Qi)N + λmax(Qi)
]
β2

ei

(
M∑

s=1

‖es‖

)2

+ Nλmax(Ri)K2
ei
‖ei‖2



Invoking Corollary 1.1 with p, q = 2 and n = M gives,
(∑M

i=1 ‖ei‖
)2
≤M

∑M
i=1 ‖ei‖2 . Hence,

F∞ ≤
M∑
i=1

wi
1
2

{[
λmax(Qi)N + λmax(Qi)

]
β2

ei
M

M∑
s=1

‖es‖2 + Nλmax(Ri)K2
ei
‖ei‖2

}

Define the constants

ηa = max
i∈IM

1
2
wi

[
λmax(Qi)N + λmax(Qi)

]
β2

ei
M, ηb = max

i∈IM

1
2
wiNλmax(Ri)K2

ei

and η = Mηa + ηb . This gives F∞ ≤ η
∑M

i=1 ‖ei‖2, η > 0 . Choosing σr = η and invoking
Theorem 5 with Z = DC proves the theorem.
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C Disturbance modeling and distributed target calculation for FC-MPC

Proof for Lemma 6. From the Hautus Lemma for detectability [33, p. 318], (Ãi, C̃i) is detectable

iff rank

([
λI − Ãi

C̃i

])
= ni + ndi

, ∀ |λ| ≥ 1 . Define

S(λ) =


λI −Aii −Bd

ii

(λ− 1)I
Cii Cd

i Cs

λI − As

 =

λI − Ãii 0
C̃ii Cs

0 λI − As

 ,

in which Ãii =
[
Aii Bd

ii

I

]
, C̃d

ii =
[
Cii Cd

ii

]
denote respectively, the A and C matrix for the

augmented decentralized model and

As = diag(Ai1, . . . , Ai(i−1), Ai(i+1), . . . , AiM ), Aii ∈ Rnii×nii

Cs = [Ci1, . . . , Ci(i−1), Ci(i+1), . . . , CiM ]

Consider |λ| ≥ 1 . Since As is stable, the columns of λI − As are independent. Hence the

columns of

 0
Cs

λI − As

 are independent. By assumption,

[
λI − Ãii

C̃ii

]
has nii + ndi

independent

columns. Due to the positions of the zeros, S(λ) has ni + ndi
independent columns. To complete

the proof, we note that [
λI − Ãi

C̃i

]
= US(λ)U,

in which U is an unitary matrix. Consequently, the columns of

[
λI − Ãi

C̃i

]
are independent for all

|λ| ≥ 1 . Hence, (Ãi, C̃i) is detectable.

Proof. (Ãi, C̃i) detectable =⇒ rank condition. From the Hautus lemma for detectability [33,

p. 318], the columns of

λI −Ai −Bd
i

(λ− 1)I
Ci Cd

i

 are independent for any λ satisfying |λ| ≥ 1 . The

columns of
[
λI −Ai −Bd

i

Ci Cd
i

]
are, therefore, independent for all |λ| ≥ 1 . The choice λ = 1 gives

the desired rank relationship.
rank condition =⇒ (Ãi, C̃i) detectable. The assumed rank condition implies the columns

of
[
I −Ai −Bd

i

Ci Cd
i

]
are independent. From Lemma 2, (Ai, Ci) is detectable. The columns of[

λI −Ai

Ci

]
are, therefore, independent for all |λ| ≥ 1 . Consider

λI −Ai −Bd
i

Ci Cd
i

0 (λ− 1)I

 . For λ 6= 1 ,
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the columns of (λ − 1)I are independent and therefore, the columns of

 −Bd
i

Cd
i

(λ− 1)I

 are indepen-

dent. Due to the position of the zero, the columns of

λI −Ai −Bd
i

Ci Cd
i

0 (λ− 1)I

 are independent. For

λ = 1 , we know that the columns of
[
I −Ai −Bd

i

Ci Cd
i

]
are independent (by assumption). Hence,

(Ãi, C̃i) is detectable, as claimed.

Theorem 6. Let f(x) = 1
2x′Qx + c′x + d and −∞ < f ≤ f(x), ∀ x . Consider the constrained QP

min
x

f(x) subject to Ax = b, x ∈ X

in which x ∈ Rn , b ∈ Rp , Q ≥ 0 , A ∈ Rp×n , and X ⊆ Rs×n is polygonal. Let the feasible region
be nonempty. Let rank(A) = p . A solution to this problem exists. Furthermore, the solution is unique if

rank
[
Q
A

]
= n .

Proof. Since the feasible region is nonempty and polygonal, and the QP is bounded below by f ,
a solution exists [10]. Suppose that there exists two solutions x and x . Let w = x − x . We have
Aw = A(x− x) = b− b = 0 . The normal cone optimality conditions 4 for x and x gives

(y − x)′(Qx + c) ≥ 0 ∀ y|Ay = b, y ∈ X
(y − x)′(Qx + c) ≥ 0 ∀ y|Ay = b, y ∈ X

Substituting y = x in the first equation and y = x in the second equation, we have w′Qx ≤ −w′c
and w′Qx ≥ −w′c . These two equations together imply w′Qx ≥ w′Qx , and therefore w′Qw ≤ 0 .
Because Q ≥ 0 , w′Qw ≥ 0 . Hence, w′Qw = 0 , which implies Qw = 0 . Using Aw = 0 and

full column rank for
[
Q
A

]
, we have that the only solution for

[
Q
A

]
w = 0 is w = 0 . This gives

x = x .

Proof for Lemma 9. Reverse implication. The objective function for the optimization problem

of Equation (12) can be rewritten as Ψi(·) = 1
2

(
xsii

usi

)′ [
0

Rui

](
xsii

usi

)
+
[

0
−Ruiu

ss
i

]′ (
xsii

usi

)
+

1
2uss

i
′Ruiu

ss
i . From Theorem 6, the solution to the target optimization problem for each i ∈ IM is

unique if the columns of


0

Rui

I −Aii −Bii

HiCii

 , i ∈ IM are independent. Because Rui > 0, i ∈ IM , and

4We note that f(·) is a proper convex function in the sense of [28, p. 24], that the relative interior of Ax = b, x ∈ X
is nonempty and that the feasible region defined by (Ax = b, x ∈ X) ⊂ dom(f(·)) . The normal cone optimality
conditions are, therefore, both necessary and sufficient [28, Theorem 27.4, p. 270].
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due to the position of the zeros, the columns of


0

Rui

I −Aii −Bii

HiCii

 are independent if and only if

the columns of
[
I −Aii

HiCii

]
are independent.

Forward implication. Let (x∗(t)sii , u
∗(t)
si ), i ∈ IM be unique and assume rank

[
I −Aii

HiCii

]
< nii for

some i ∈ IM . By assumption, there exists v such that
[
I −Aii

HiCii

]
v = 0, v 6= 0 . The pair (x∗(t)sii +

v, u
∗(t)
si ) achieves the optimal cost 1

2‖u
ss
i − u

∗(t)
si ‖2Rui

and

[
I −Aii

HiCii

]
(x∗(t)sii

+ v) =

[
Biiu

∗(t)
si + Bd

iid̂i

zsp
i −HiC

d
i d̂i −

∑M
j 6=i

(
giju

t−1
sj

+ hijdi

)] ,

which contradicts uniqueness of x
∗(t)
sii .

Proof for Theorem 3. Since (Ãi, C̃i), i ∈ IM is detectable, an estimator gain L̃i exists such that
(Ãi−ÃiL̃iC̃i) is stable for each i ∈ IM . From the positive invariance of D̃C ,

(
(zsp

i , d̂i(k)), i ∈ IM

)
∈

DT for all k ≥ 0 . The target optimization problem (Equation (12)) is feasible for each i ∈ IM for
all k ≥ 0 . In Theorem 5 (Appendix B.2), replace ei by ẽi , Zi by τx

i Z̃i , AL
i by (Ãi − ÃiL̃iC̃i) , x̂i

by ω̂i , and µ̂ by µ̂−µt
s . The model matrices (Ai, Bi, {Wij}j 6=i, Ci) are unaltered. From the defini-

tion of DT , and positive invariance of D̃C , feasible perturbation trajectories vi, i ∈ IM exist such
that vi(j) + (up

i (µ̂ − µt
s, j) + ut

si
) ∈ Ωi, j ≥ 1, i ∈ IM . Existence of σr for stable and unstable sys-

tems can be demonstrated using arguments used to prove Theorem 1 and Theorem 2, respectively
(with appropriate variable name changes as outlined above). Invoking Theorem 5 completes the
proof.

Proof for Lemma 10. From Lemma 2, (Ai, Ci) is detectable and (Ai, Bi) is stabilizable. Zero
offset steady-state tracking performance can be established in the FC-MPC framework through
an extension of either [20, Theorem 4] or [23, Theorem 1]. Let Algorithm 1 be terminated after
p ∈ I+, p < ∞ iterates. At steady state, using Lemma 4 we have up

i (µ(∞), 0) = u∞i (µ(∞), 0), i ∈
IM , p ∈ I+ . Let the targets generated by Algorithm 2 at steady state be (x∞si

, u∞si
),∀ i ∈ IM (see

Section 4.3). Let (x̂i(∞), d̂i(∞)) denote an estimate of the subsystem state and integrating distur-
bance vectors at steady state. From Equation (10), we have

x̂i(∞) = Aix̂i(∞) + Biu
∞
i (µ(∞), 0) +

∑
j 6=i

Wiju
∞
j (µ(∞), 0) + Bdi

d̂i(∞)

+ Lxi

(
yi(∞)− Cix̂i(∞)− Cd

i d̂i(∞)
)

and d̂i(∞) = d̂i(∞) + Ldi

(
yi(∞)− Cix̂i(∞)− Cd

i d̂i(∞)
)

Invoking [23, Lemma 3] for each subsystem i ∈ IM gives Ldi
is full rank. Hence, yi(∞) =

Cix̂i(∞)+Cd
i d̂i(∞) and (x̂i(∞)−x∞si

) = Ai(x̂i(∞)−x∞si
)+Bi(u∞i (µ(∞), 0)−u∞si

)+
∑

j 6=i Wij(u∞j (µ(∞), 0)−
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u∞sj
), i ∈ IM . Because all input constraints are inactive at steady state, there exists K such that the

solution to Algorithm 1 at steady state is
(u∞1 (µ(∞), 0)− u∞s1

)
(u∞2 (µ(∞), 0)− u∞s2

)
...

(u∞M (µ(∞), 0)− u∞sM
)

 = −K


(x̂1(∞)− x∞s1

)
(x̂2(∞)− x∞s2

)
...

(x̂M (∞)− x∞sM
)


Stability of the closed-loop system requires ACM −BCMK to be a stable matrix. Therefore,

(I −ACM −BCMK)


(x̂1(∞)− x∞s1

)
(x̂2(∞)− x∞s2

)
...

(x̂M (∞)− x∞sM
)

 = 0,

which gives (x̂i(∞)− x∞si
) = 0, i ∈ IM and u∞i (µ(∞), 0) = u∞si

. This implies

Hiyi(∞)− zsp
i =

(
HiCix̂i(∞) + HiC

d
i d̂i(∞)

)
−
(
HiCix

∞
si

+ HiC
d
i d̂i(∞)

)
= HiCi(x̂i(∞)− x∞si

)
= 0


