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Abstract. We describe an algorithm for smooth nonlinear constrained optimization problems in
which a sequence of feasible iterates are generated by solving a trust-region sequential quadratic pro-
gramming (SQP) subproblem at each iteration, and perturbing the resulting step to retain feasibility
of each iterate. By retaining feasibility, we avoid several complications of other trust-region-SQP
approaches: The objective function can be used as a merit function, and the SQP subproblems are
feasible for all choices of the trust-region radius. We analyze the global convergence properties under
different assumptions on the approximate Hessian. By making additional assumptions (including as-
sumptions on the feasibility perturbation technique), we can prove quadratic convergence to points
satisfying second-order sufficient conditions.

1. Introduction. We consider the general smooth constrained optimization
problem:

min f(z) subject to ¢(z) =0, d(z) <0, (1.1)

where 2 € R", f : R"® - R, ¢: R® = R™, and d : R — R" are smooth (twice
continuously differentiable) functions. We denote the set of feasible points for (1.1)
by F.

At a feasible point z, let H be an n X n symmetric matrix. The basic SQP
approach obtains a step Az by solving the following subproblem

min m(Az) Vi) Az + 1AZTHAz subject to (1.2a)
c(2) +Ve(2)TAz =0, d(z)+ Vd(z)TAz <0. (1.2b)

The matrix H is chosen as some approximation to the Hessian of the Lagrangian, pos-
sibly obtained by a quasi-Newton technique, or possibly a “partial Hessian” computed
in some application-dependent way from some of the objective and constraint func-
tions and Lagrange multiplier estimates. The function m(-) is the quadratic model
for the change in f around the current point z.

Although the basic approach (1.2) often works well in the vicinity of a solution to
(1.1), trust-region or line-search devices must be added to improve its robustness and
global convergence behavior. In this paper, we consider a trust region of the form

IDA], < A, (1.3)

where D is uniformly bounded above and p € [1,00]. The choice p = oo makes (1.2),
(1.3) a quadratic program, since we can then restate the trust-region constraint as
—Ae < Dz < Ae, where e = (1,1,...,1)T. The choice p = 2 produces the quadratic
constraint AzT DT DAz < A2, and since z is feasible for (1.1), we can show that the
solution Az of (1.2), (1.3) is identical to the solution of (1.2) alone, with H replaced
by H + vyDTD for some v > 0. For generality, we develop the convergence theory
for our method to apply to any choice of p, making frequent use of the equivalence
between || - ||, and || - ||2.
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By allowing D to have zero eigenvalues, the constraint (1.3) generally allows Az
to be unrestricted by the trust region in certain directions. We assume, however, that
the combination of (1.3) and (1.2b) ensures that the all components of the step are
controlled by the trust region; see Assumption 1 below.

When the iterate z is not feasible for the original problem (1.1), we cannot in
general simply add the restriction (1.3) to the constraints in the subproblem (1.2),
since the resulting subproblem will be infeasible for small A. Practical trust-region
methods such as those due to Celis-Dennis-Tapia [3] and Byrd-Omojokun [11] do not
insist on satisfaction of the constraints (1.2b) by the step Az, but rather achieve some
reduction in the infeasibility, while staying within the trust region (1.3) and reducing
the objective in the subproblem (1.2a).

Another issue that arises in the practical SQP methods is the use of a merit or
penalty function to measure the worth of each point z. Typically this function is
some combination of the objective f(z) and the violations of the constraints, that is,
lei(2)],i=1,2,...,m and d (), i=1,2,...,r. The merit function may also depend
on estimates of the Lagrange multipliers for the constraints in (1.1). It is sometimes
difficult to choose weighting parameters in these merit functions appropriately, in a
way that drives the iterates to a solution (or at least a first-order stationary point) of
(1.1).

In this paper, we propose an algorithm called Algorithm FP-SQP (for feasibility
perturbed SQP), in which all iterates z* are feasible; that is, z¥ € F for all k. We
obtain a step by solving a problem of the form (1.2) at a feasible point z € F with
a trust-region constraint (1.3). We then find a perturbation Az of the step Az that
satisfies two crucial properties: First, feasibility:

z+AzeF. (1.4)

Second, asymptotic exactness: There is a continuous monotonically increasing func-
tion ¢ : R" — R* with ¢(0) = 0 such that

182 = Azls < G(||Az])2) [|A2]]>- (1.5)

These conditions on Az suffice to prove good global convergence properties for the
algorithm. Additional assumptions on the feasibility perturbation technique can be
made to obtain fast local convergence; see Section 4.

The effectiveness of our method depends on its being able to calculate efficiently
a perturbed step Az with the properties (1.4) and (1.5). This task is not difficult for
certain structured problems such as those arising in optimal control. Additionally,
in the special case in which the constraints ¢ and d are linear, we can simply set
Az = Az. When some constraints are nonlinear, Az can be obtained from the
projection of z + Az onto the feasible set F. For general problems, this projection
is nontrivial to compute, but for problems with structured constraints, it may be
inexpensive.

By maintaining feasible iterates, our method gains several advantages. First, the
trust region restriction (1.3) can be added to the SQP problem (1.2) without concern
as to whether it will yield an infeasible subproblem. There is no need for a composite-
step approach such as those mentioned above [3, 11]. Second, the objective function
f can itself be used as a merit function in deciding whether to take a step. Third,
if the algorithm is terminated early, we will be able to use the latest iterate z* as a
feasible suboptimal point, which in many applications is far preferable to an infeasible
suboptimum.



The advantages of the previous paragraph are of course shared by other feasible
SQP methods. For problems with only inequality constraints, the FSQP approach
described in Lawrence and Tits [9] (based on an earlier version of Panier and Tits [12]
and also using ideas from Birge, Qi, and Wei [2]) calculates the main search direction
via a modified SQP subproblem that includes a parameter for “tilting” the search
direction toward the interior of the feasible set. A second subproblem is solved to
obtain a second-order correction, and an “arc search” is performed along these two
directions to find a new iterate that satisfies feasibility as well as a sufficient decrease
condition in the objective f. Our algorithm differs in that it uses a trust region rather
than arc searches to attain global convergence, and also in that it is less specific than
in [9] about the details of calculating the step. In this sense, Algorithm FP-SQP
represents an algorithmic framework rather than a specific algorithm.

Heinkenschloss [7] considers projected SQP methods for problems with equality
constraints in addition to bounds on a subset of the variables. He specifically targets
optimal control problems with bounds on the controls—a similar set of problems to
those we discuss in a companion manuscript [14]. The linearized equality constraints
are used to express the free variables in terms of the bounded variables, and a pro-
jected Newton direction (see [1]) is constructed for the bounded variables. The step
is computed by performing a line search along this direction with projection onto the
bound constraints. Besides using a line search rather than a trust region, this method
contrasts with ours in that feasibility is not enforced with respect to the equality con-
straints, so that an augmented Lagrangian merit function must be used to determine
an acceptable step length.

Other related work includes the feasible algorithm for problems with convex con-
straints discussed in Conn, Gould, and Toint [4]. At each iteration, this algorithm
seeks an approximate minimizer of the model function over the intersection of the
trust region with the original feasible set. The algorithm is targeted to problems in
which the constraint set is simple (especially bound-constrained problems with oo-
norm trust regions, for which the intersection is defined by componentwise bounds).
Aside from not requiring convexity, our method could be viewed as a particular in-
stance of Algorithm 12.2.1 of [4, p. 452], in which the model function approximates
the Lagrangian and the trial step is a perturbed SQP step. It may then be possible to
apply the analysis of [4], once we show that the step generated in this fashion satisfies
the assumptions in [4], at least for sufficiently small values of the trust-region radius.
It appears nontrivial, however, to put our algorithm firmly into the framework of [4],
and to extend the latter algorithm to handle a class of problems (featuring noncon-
vexity) which its designers did not have in mind. Therefore, we present an analysis
that was developed independently of that of [4]. We note that several features of the
analysis in [4, Chapter 12] are similar to ours; for instance, x on [4, p. 452] is similar to
C(z,1) defined below in (3.1), except that minimization in x is taken over the original
feasible set rather than over its linearized approximation, as in (3.1). Others aspects
of the analysis in [4] and this paper are different; for instance, the generalized Cauchy
point in [4, Section 12.2.1] is defined in a much more complex fashion with respect
to the projected-gradient path, rather than along the straight line as in Lemma 3.3
below.

The remainder of the paper is structured as follows. The algorithm is specified in
Section 2, and in Section 2.1 we show that it is possible to find a feasible perturbation
of the SQP step that satisfies our requirements. We present global convergence results
in Section 3. After some basic lemmas in Section 3.1, we describe conditions under
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which the algorithm has at least one stationary accumulation point in Section 3.2.
In particular, we assume in this section that the approximate Hessian Hj in (1.2)
satisfies the bound ||Hg||2 < o9 + o1k for some constant oy and o1—a type of bound
often satisfied by quasi-Newton update formulae. In Section 3.3, we make the stronger
assumption that ||Hy|| is uniformly bounded, and prove the stronger result that all
limit points of the algorithm are stationary. Under stronger assumptions on the limit
point z* and the feasibility projection technique, we prove fast local convergence in
Section 4. Some final comments appear in Section 5.

A companion report of Tenny, Wright, and Rawlings [14] describes application of
the algorithm to nonlinear optimization problems arising in model predictive control.

1.1. Optimality Results and Notation. The Lagrangian function for (1.1) is

L0z N) < f(2) + pTelz) + ATd(2), (1.6)

where p € R™ and A € R" are Lagrange multipliers for the constraints. The Karush-
Kuhn-Tucker conditions for (1.1) are as follows:

V.L(z, 1, A) =V f(z) + Ve(z)p+ Vd(z2)A =0, (1.7a)
c(z) =0, (1.7b)
d(z) <0LA>0, (1.7¢)

where | indicates that \Td(z) = 0. For a feasible point z, we denote the active set
A(z) as follows:
def (.
A(z) = {i=1,2,...,7r|di(2) = 0}. (1.8)
To ensure that the tangent cone to the constraint set at a feasible point z ade-
quately captures the geometry of the feasible set near z, we need a constraint qual-

ification. In the global convergence analysis of Section 3, we use the Mangasarian-
Fromovitz constraint qualification (MFCQ), which requires that

Ve(z) has full column rank; and (1.9a)
there exists a vector v € R” such that
Ve(z)Tv =0 and vTVd;(2) < 0 for all i € A(2). (1.9b)

A more stringent constraint qualification, used in the local convergence analysis of
Section 4, is the linear independence constraint qualification (LICQ), which requires
that

{Vei(2), i=1,2,...,m}U{Vd;(2), i € A(2)} is linearly independent.  (1.10)

If z is a stationary point for (1.1), and when a constraint qualification such as
(1.9) or (1.10) is satisfied at z, then there exist vectors p and A such that (1.7) is
satisfied by the triplet (z, i, \).

We say that the strict complementarity condition is satisfied at a stationary point
z if there are Lagrange multiplier vectors p and A such that the triple (z, u, A) satisfies
the KKT conditions and

A—d(z) > 0. (1.11)

That is, A; > 0 for all i € A(z).



We use B(z,t) to denote the open ball (in the Euclidean norm) of radius ¢ about
z. When the subscript on the norm || - || is omitted, we assume that the Euclidean
norm is signified.

We use order notation in the following (fairly standard) way: If two matrix,
vector, or scalar quantities M and A are functions of a common quantity, we write
M = O(||A]]) if there is a constant § such that | M| < B||A| whenever ||A| is
sufficiently small. We write M = Q(||A|) if there is a constant § such that ||M| >
B~ Y| Al| whenever ||A| is sufficiently small. We write M = o(||A||) if for all sequences
{Ax} with ||Ag|| — 0, the corresponding sequence { My} satisfies ||My||/||Ax]| — 0.

2. The Algorithm. We now specify the algorithm. We assume only that the
perturbed step Az satisfies (1.4) and (1.5), without specifying how it is calculated.
As with all trust-region algorithms, a critical role is played by the ratio of actual
to predicted decrease, which is defined for a given SQP step AzF and its perturbed

—k
counterpart Az as follows:
—k
FGER) = fEF+Az)

Pk = e (AR : (2.1)

The algorithm is specified as follows.
ALGORITHM 2.1 (FP-SQP).
Given starting point zg, trust-region upper bound A > 1, initial radius Ag € (0, A],
n€10,1/4), and p € [1,00];
for k=0,1,2,---
Obtain Az* by solving (1.2), (1.3);

—k
Seek Az with the properties (1.4) and (1.5);

—k
if no such Az is found;
Apr1 — (1/2)]| Dy AZF|,;
2P 2k Dyyq — Dy

else
Calculate py, using (2.1);
if P < 1/4
Apr1 — (1/2)[| Dp AR, ;
else if py > 3/4 and | DyAZ*||, = Ay
Apy1 — min(2A, A);
else
Apyr < Ag;
if pp >
SRl Lk +sz;
choose new scaling matric Dyi1;
else
P Zk; ij_‘_1 - Dk-,'
end (for).

We now state some assumptions that are used in the subsequent analysis. First,
we define the level set Lg as follows:

Lo {z]e(z) =0, d(2) <0, f(2) < f(20)} C F.

Our assumption on the trust-region bound (1.3) is as follows:
5



AssuMPTION 1. There is a constant 6 such that for all points z € Ly and all
scaling matrices D used by the algorithm, we have for any Az satisfying the constraints

c(2) +Ve(2)TAz =0, d(z)+Vd(z)TAz <0
that
0| Az]l2 < [ DA, < 8| Azll2. (2.2)

In this assumption, the constant that relates || - || with the equivalent norms || - ||,
for all p between 1 and oo is absorbed into §.

Note that for unconstrained problems (in which ¢ and d are vacuous), this as-
sumption is satisfied when all scaling matrices D used by the algorithm are uniformly
positive definite. Another special case of relevance to optimal control problems occurs
when the constraints have the form

c(u,v) =0, ¢:R"™ x R™ - R™, (2.3)

(that is w € R"™™ and v € R™), and the trust-region constraint is imposed only on
the u variables; that is,

[DuAull, < A, (2.4)

where D,, is a diagonal matrix with positive diagonal elements. The linearized con-
straints (1.2b) then have the form

Vuc(u, v)T Au + Vye(u,v)T Av =0, (2.5)
which if V,¢(u,v) is invertible leads to
Av = — (Vye(u,v) " Vye(u, v)T Aw.

If we assume that V,c(u,v) is invertible for all points (u,v) in the region of interest,
with [[(Vye(u,v)) ™| bounded, we can define a constant 6 > 0 such that ||Av], <
0||Au||,. We then have

(A, A0, < (1+8)[|Aully < (14 8) Dy [IDulully = (1+8) Dy, | D (A, Av)ly,

min

where we define Dy, to be a lower bound on the diagonals of D,,, and
D = diag(D,,0). On the other hand, we have

I1D(Au, Av)[lp = [[Dultloc < Dmaxl|Aullp < Dmax||(Au, Av)],,

where Dy .y is an upper bound on the diagonals of D,,. It follows from the last two
expressions that Assumption 1 is satisfied in this situation.

Second, for some results we make an assumption on the boundedness of the level
set for problem (1.1) that is defined by the initial point zg.

ASSUMPTION 2. The level set Ly is bounded, and the functions f, ¢, and d in
(1.1) are twice continuously differentiable in an open neighborhood N'(Lg) of this set.

Note that Lg is certainly closed, so that if Assumption 2 holds, it is also compact.
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2.1. Algorithm FP-SQP is Well Defined. We show first that the algorithm
is well defined, in the sense that given a feasible point zj, a step Az satisfying (1.4)
and (1.5) can be found for all sufficiently small Ay, under certain assumptions.

We note first that whenever z = zj is feasible, the subproblem (1.2), (1.3) has
a solution. This fact follows from nonemptiness, closedness, and boundedness of the
feasible set for the subproblem. To show that there exists Azy satisfying (1.4) and
(1.5), we make use of the following assumption.

ASSUMPTION 3. For every point Z € Lo, there are positive quantities ¢ and A,
such that for all z € cl(B(2, A3)) we have

min [lo = 2] < ¢ (le(2)ll + A1) (2.6)

where [d(z)]4+ = [max(d;(z),0)]7_;.
(Recall our convention that || - || denotes || - ||2.)

This assumption requires the constraint system to be regular enough near each
feasible point that a bound like that of Hoffmann [8] for systems of linear equalities
and inequalities is satisfied. Assumption 3 is essentially the same as Assumption C
of Lucidi, Sciandrone, and Tseng [10]. A result of Robinson [13, Corollary 1] shows
that Assumption 3 is satisfied whenever MFCQ is satisfied at all points in Lg. The
following result shows that a bound similar to (2.6) also holds locally, in the vicinity
of a feasible point satisfying MFCQ.

LEMMA 2.1. Let Z be a feasible point for (1.1) at which MFCQ is satisfied. Then
there exist positive quantities ¢ and Ry such that for all z € cl(B(2, Ry)), the bound
(2.6) is satisfied.

Proof. We first choose Ry small enough that for all Z € cl(B(2, R1)) N F, we have
that A(Z) C A(%), where A(-) is defined by (1.8). Let v be a vector satisfying (1.9)
at z = %, and assume without loss of generality that ||v]]2 = 1. Because V(%) has
full column rank, we have by decreasing Rj if necessary that for any z € cl(B(Z, Ry)),
V(%) also has full column rank. Moreover, using the full rank of Ve(Z2), we can find
a perturbation ¥ of v satisfying |0 — v|| = O(]|Z — £||) and (after possibly decreasing

Ry again) [|9]| > 0.5, such that
Ve(2)To =0 and 97Vd;(2) < 0 for all i € A(2) D A(2), all Z € cl(B(2, R1)) N F.

Hence, the MFCQ condition is satisfied for all Z € cl(B(2, R1)) N F.
We now appeal to Corollary 1 of Robinson [13]. From this result, we have that

there is ¢ > 0 (depending on 2 but not on Z) and an open neighborhood M(Z) of each
Z € cl(B(%, R1)) N F such that (2.6) holds for all z € M(2). Since

M(2) € UAMZ) |2 € A(B(2,Ry)) N F}

is an open neighborhood of the compact set cl(B(2, R1)) N F, we can define R, < R,
small enough that cl(B(2, Ry)) C M(%). Thus, since (2.6) holds for all z € M(Z), our
proof is complete. 0O

We observe that when Assumption 1 is satisfied, the solution Az of (1.2), (1.3) is
well defined at each z € F. The feasible set for this problem is compact and lies in the
closed ball ¢l (B(0,6A)). Using the other assumptions, we can show that the algorithm
is well defined, in the sense that a perturbed vector Az satisfying the properties (1.4)
and (1.5) can also be found.



THEOREM 2.2. Suppose that Assumptions 1, 2, and 3 are satisfied. Then there is
a positive constant Ager such that for any z € Ly, there is a step Az that satisfies the
properties (1.4) and (1.5), where Az is the solution of (1.2), (1.3) with A < Ages.

Proof. We show that the result holds for the function ¢(t) = v/t in (1.5).

We first choose A small enough that B(z,dAo) C N (Lp) for all z € Ly, where
N (L) is defined as in Assumption 2. Thus, for A < A and Az solving (1.2), (1.3),
we have for all a € [0, 1] that

laAzlz < [[Az]l2 < 6] DAz|, < A, (2.7)

so that z + aAz € N(Ly).

Given any Z € Lg, we seek a positive constant A such that for all
z e c(B(2,A/2))NF, and all A < A/2, there is a step Az that satisfies the properties
(1.4) and (1.5).

We choose initially A = A, and assume that Az satisfies |Az]] < A < A/2.
From feasibility of z, (2.7), and (1.2b), and the fact that ¢ and d are twice continuously
differentiable in N'(Lg), we have that

c(z 4+ Az) = ¢(2) + Ve(2)T Az + O(||Az])?) = O(|| Az|?)
and
[d(z + Az)], = [d(2) + Vd(2)" Az + O(| A2|*)] . = O(| Az[?).
We now set A «— min(A, Ag) and apply Assumption 3. Since
[(z4 Az) = 2| < ||z — 2| + |Az]| < A/2+ AJ2 < A < As,
we have from Assumption 3 and the estimates above that

min [[v — (2 + Az)[| < C(|le(= + A2)]| + [[ld(z + Az)]1 [) = O A=), (28)

where ¢ may depend on 2. Since v = z is feasible for (2.8), we have that any solution
of this projection problem satisfies ||v — (2 + Az)|| < ||Az||. Hence, the minimization
on the left-hand side of (2.8) may be restricted to the nonempty compact set cl(B(z+
Az, ||Az||))) N F, so the minimum is attained. If we use the minimizer v to define

Az = v — z, then from (2.8) we have
18z = Azl = O(Cl|A#|).

Therefore, by decreasing A if necessary, we find that (1.5) is satisfied for our choice
o) =i

Since B(2,A/2), 2 € Ly forms an open cover of Ly, and since Lg is compact, we
can define a finite subcover. By defining Ages to be the minimum of the A /2 over the
subcover, we have that Ager is positive and has the desired property. D

3. Global Convergence. In this section, we prove convergence to stationary
points of (1.1). Our results are of two types. We show first that at least one limit
point is stationary in Section 3.2, and then under a stronger assumption that all limit
points are stationary in Section 3.3.

We start with some technical results.

8



3.1. Technical Results. The first result concerns the solution of a linear pro-
gramming variant of the SQP subproblem (1.2), (1.3). Its proof appears in the Ap-
pendix.

LEMMA 3.1. Let f, ¢, and d be as defined in (1.1), and let C(z,7) denote the
negative of the optimal value function of the following problem, for some z € F and
7> 0:

CLP(z,7): min Vf(z)Tw subject to (3.1a)
c(2) + Ve(2)Tw =0, d(z) +Vd(z)Tw <0, wlw< 7% (3.1b)

Let z € F, and suppose that the MFCQ conditions (1.9) are satisfied at zZ. Then
C(z,1) > 0, with C(z,1) = 0 if and only if the KKT conditions (1.7) are satisfied at
Z; that is, if Z is a stationary point for (1.1).

When (1.7) are not satisfied at Z, there exist positive quantities Ry and € such
that for any z € B(Z, R2) N F, we have C(z,1) > e.

An immediate consequence of this result is that for any subsequence {2*},cx such
that z¥ — z and C(z*,1) — 0, where Z satisfies the MFCQ conditions, we must have
that Z is stationary for (1.1). As a consequence, if all limit points of the algorithm
satisfy MFCQ but none are stationary, we have that there is a constant € > 0 such
that C(2*,1) > ¢ for all k.

Note that C(z,7) is a convex function of 7 > 0. In particular, if w(z,7) is the
optimum in CLP(z,7), the point aw(z,T) is feasible in CLP(z, a7) for all « € [0, 1],
so that

C(z,ar) > aC(z,7), forall T>0,all a €]0,1]. (3.2)

For convenience, we restate the the subproblem (1.2), (1.3) at an arbitrary feasible
point z as follows:

rrAlin m(Az) o Vf(z)"Az + LAz"HAz subject to (3.3a)

c(2) + Ve(2)TAz =0, d(z)+ Vd(z)TAz <0, (3.3b)
[DAz[|p, < A, (3.3c)

where D satisfies Assumption 1. Consider now the following problem, obtained by
omitting the quadratic term from (3.3a):

Iili? Vf(2)TAz" subject to (3.4a)
c(2) + Ve(2)T Az =0, d(z) + Vd(2)TAz" <0, (3.4b)
| DAz ||, < A. (3.4¢)

Denote the negative of the optimal value function for this problem by V(z, D, A).
Referring to (3.1) and Assumption 1, we see that the feasible region for CLP(z,5 A)
is contained in the feasible region for (3.4), and the objectives are the same. Hence
for A € (0,1}, we have from (3.2) that

V(z,D,A) > C(z,6 A) > 6 'C(2,1)A.
For A > 1, on the other hand, we have

V(z,D,A) > C(z,6 'A) > 671C(z,1).
9



Hence, by combining these observations, we obtain that
V(z,D,A) > 5 *C(2,1) min(1, A). (3.5)

The following result follows immediately from this observation together with
Lemma 3.1.

LEMMA 3.2. Suppose that Assumption 1 holds. Let Z be a feasible point for (1.1)
and that the MFCQ conditions (1.9) but not the KKT conditions (1.7) are satisfied
at zZ. Then there exist positive quantities Ry and € such that for any z € B(Z, Ra) N F
and any A > 0, we have

V(z,D,A) > §1C(2,1) min(1,A) > 6 'emin(1, A). (3.6)

If Assumption 1 holds, we have that
[Az" |2 < 0| DAZY|, < SA. (3.7)

Hence, since Az is optimal for (3.3), and since Az" that solves (3.4) is feasible for
this problem we have

m(Az) < m(Az")

= (A")TVf(2) + 3(AzY)TH(AZY)

< —V(z,D,A) + 16%|H||A?

< =6 'min(1,A)C(z,1) + 6% H||A? (3.8)

where the last inequality follows from (3.5).
We now define the Cauchy point for problem (3.3) as

Az° = aCAZ", (3.9)
where

o = arg m[%)nl] aVf()TAz" + 2a?(Az")THAZ". (3.10)
ac|0,

We show that Az° has the following property:
m(Az9) < —1C(z,1)min [6 71,67 'A, (§*"A%||H||2) "' C(z,1)] . (3.11)

We prove (3.11) by considering two cases. First, when (Az")THAz* < 0, we have
a®=11in (3.10) and hence Az° = Az*. As in (3.6), we have

m(Az°) = m(AzY) < —V(z,D,A) < —671C(z,1) min(1, A),

so the result (3.11) holds in this case. In the alternative case (Az*)THAz" > 0, we
have

(3.12)

a = min (1, _Vf(Z)TAZL> .

(Az2)THAZY

If the minimum is achieved at 1, we have from (Az")THAz" < —Vf(2)TAz" and
Lemma 3.2 that

m(Az%) = m(Az") < AV f(2)TAZ" < —367'C(z,1) min(1, A), (3.13)
10



and therefore again (3.11) is satisfied. If the min in (3.12) is achieved at
~Vf(2)TAz"/(Az")THAZ", we have from Lemma 3.2 that

(Vf(z)TAz")? 2 min(1,A%)C(2,1)?

cy Ly _ 1 _1
m(AZT) = mleA) = o CTHA = 2 [H LA

(3.14)

Because of (3.7), we have from (3.14) that

2 min(1,A?)C(z,1)2
62A2|[H |2

= —3(8*[|H|}2)" min(1, A7*)C(z,1)* <

m(Az°) < -1
—5(8* A% H|2) 7' C(2,1)?,
which again implies that (3.11) is satisfied.

Since Az€ is feasible for (3.3), we have proved the following lemma.

LEMMA 3.3. Suppose that z is a feasible point and that Assumption 1 holds.
Suppose that Az is obtained from (3.4), (5.9), and (3.10). Then the decrease in the

model function m obtained by the point Az€ satisfies the bound (3.11), and therefore
the solution Az of (3.3) satisfies the similar bound

m(Az) < —=3C(z,)min [671,67'A, (0*A?||H|j2) ' C(2,1)] (3.15)

where C(z,1) is the negative of the optimal value function of CLP(z,1) defined in
(3.1).

Note that this lemma holds even when we assume only that Az is feasible for
(3.3) and satisfies m(Az) < m(Az®). This relaxation is significant since, when H is
indefinite, the complexity of finding a solution of (3.3) is greater than the complexity
of computing Az°.

3.2. Result I: At Least One Stationary Limit Point. We now discuss con-
vergence of the sequence of iterates generated by the algorithm under the assumptions
of Section 2, and the additional assumption that the Hessians Hj, of (1.2) are bounded
as follows:

|‘Hk||2§0'0+0'1k, k:0,1,2 (316)

The style of analysis follows that of a number of earlier works on convergence of
trust-region algorithms for unconstrained, possibly nonsmooth problems; for exam-
ple Yuan [16], Wright [15]. However, many modifications are needed to adapt the
algorithms to constrained problems and to the algorithm of Section 2.

We first prove a key lemma as a preliminary to the global convergence result of
this section. It finds a lower bound on the trust-region radii in the case that the
algorithm has no stationary limit points.

LEMMA 3.4. Suppose that Assumptions 1, 2, and 8 are satisfied, and that all
limit points of the algorithm satisfy MFC(Q and none are stationary; that is, there is
€ > 0 such that

C(z*1)>e, k=0,1,2,....
Then there is a constant T > 0 such that

Ay >T/Ny, k=0,1,2,..., (3.17)
11



where

Ne 14 max  |Hyllo.
i=0,1,....k

ey

Proof. For A > 1, the claim (3.17) obviously holds with 7' = 1. Hence, we
assume for the remainder of the proof that A, € (0, 1].
From Lemma 3.3, we have

%e min [5_1Ak, (54A2||Hk||2)_1€]

%e min [5_1Ak, (6452Nk)_1e] . (3.18)
We define the constants & and ~y as follows:

7 =sup{|[V2f(2)|2|z € N(Lo)}, v =sup{|[Vf(2)]2]z € F}, (3.19)

where N'(Lg) is the neighborhood defined in Assumption 2. Suppose now that 7' is
chosen to satisfy the following conditions:

T<1, (3.20a)
{z|dist(z, Lo) < 26T} C N'(Ly), (3.20b)
2T < ¢/(6°,A?), (3.20c)
$(20T) < 1, (3.20d)
(7 + 256)p(20T)5° < (1/48)e, (3.20e)
266°T < (1/48)e, (3.20f)
83T < (1/48)e, (3.20g)
where ¢(-) is defined in (1.5).
For any k with
|AZF|| < 26T, (3.21)

we have from Taylor’s Theorem and the definition of my that
o~k
FE5) = FGER 4+ Az +my(AZF)
= VTR — MBIV FEAL + VI TAL + LA T H A
= [VFER) + V2 AT a2k - A2 (3.22)
~k —~k
—3(Az — APV F(E) Az — AZF) = (AT (VP f(25) — Hy)AZF,

—~k
where z} lies on the line segment between 2% and 2%+ Az . If k is an index satisfying

~k
(3.21), we have from feasibility of both z* and 2% + Az that
—k
1Az ]2
—k
(Nazkl; + a2k - A27))5)

(IAZ%]12 + o([|Az*]12) [ A2"|2)
(26T + $(26T)26T) < 26T,
12

dist(zf, Lo) <

IN

1
2
1
2
1
2
1
2

IAIA



[V2£(28)]l2 < &. For k satisfying (3.21), we have from (3.22) that
—k
[F(5) = P+ B27) + mi(Az)
—k

< (IVFE) 2 + V2 F(25) 21 A2F[|2) [[A2% — Azl

—k

+3lIIV2F )2l Az — AF( + S(IV2F(26) 12 + | Hill2) | A2"13

—~k —~ k

< (Y+260T)[|AZF — Az ||o + 35[|AZF — Az |5 + 2(6 + Ny | A2M|]3. (3.23)

Now using (1.5) and Assumption 1,we have for indices k satisfying (3.21) that

—~ k
FF) = FE+ B27) + my(A28)]
(v +208T) (| A" [l2) A" |2 + 550 (| A" 2)*|AZ" |5 + (7 + Ni)[|AZ"]3
[(v + 256T)¢(20T) + 25¢(20T)?20T + 6T + LN ||AZF 2] Azl
[(y + 266T)$(20T) + 58T + 56T + LN | Az 2] || AZF]|o

1 € 1 € 1 X .
4852 .24
[48 R 48 62 + QN’“HAZ |2} [1AZ" ]2, (3.24)

[VARVAY

IN

IN

where we used (3.20) to derive the various inequalities.
Now suppose that (3.17) is not satisfied for all k£ and for our choice of T, and
suppose that [ is the first index at which it is violated, that is,

A, < T/N,. (3.25)

We exclude the case I = 0 (by decreasing T further, if necessary), and consider the
index [ — 1. Since Ay > (1/2)||Dg—1A2*71||, for all k, and since N; > 1, we have

A2 g < 8| D1 A2, < 264, < 26T, (3.26)

so that [ — 1 satisfies (3.21). Hence, the bound (3.24) applies with k =1 — 1, and we
have

FET) = T A ) (A (3.27)

1 € 1
< g * 3ot 185 e 145 2

Since N;_; < Nj, we have from (3.26) that
N |AZ o < 26N,A; < 20T. (3.28)

Therefore by using (3.27) and (3.20g), we obtain

~ -1

£ - £+ A

1 e -1 -1
< I A < —=—=|A . .

)+ ml_l(Azlfl)

Returning to (3.18), we have for k =1 — 1 that

§ A 2 8 [ D AT 2 672 A,
13



and using (3.28) and (3.20c), we have

€ e [|AZT|o
SAN2N;_; — 64A2 26T

> 672 Az Y,.
Hence, from (3.18) and the last two inequalities, we have

—my_1(AZ71) >

1 e _
> S S1AZ s (3:30)

By comparing (3.29) and (3.30), we have from (2.1) that

FEAY — fA AL
—m_1 (AT

f(zlfl) 7f(zlfl+Kzl_l)+ml_1(Azl71)

—mu_1(AZT)

pPl—1 =

%
—

>1-1-1
- 8

| =

Hence, by the workings of the algorithm, we have A; > A;_;. But since N;_; < N,
we have N;_1A;_1 < N}Ay, so that A;—; < T/N,_1, which contradicts the definition
of | as the first index that violates (3.17). We conclude that no such I exists, and
hence that (3.17) holds. O

The following technical lemma, attributed to M. J. D. Powell, is proved in
Yuan [16, Lemma 3.4].

LEMMA 3.5. Suppose {Ar} and {Ny} are two sequences such that Ay > T /Ny
for all k and some constant T > 0. Let K C {0,1,2,...} be defined such that

Ak+1 <1l if ke K:7 (331&)
Ak+1 S TlAk if k ¢ ]C, (331b)
Ni41 > Ny for all k, (3.31c¢)
> min(Ag, 1/N;) < oo, (3.31d)
kel
where 19 and 11 are constants satisfying 0 < ™ <1 < 79. Then
o0
> 1/N < o0 (3.32)
k=0

Our main global convergence result for this section is as follows.

THEOREM 3.6. Suppose that Assumptions 1, 2, and 8 are satisfied, and assume
that all limit points of the algorithm satisfy MFCQ. Suppose in addition that the ap-
prozimate Hessians Hy, satisfy (3.16); that is, ||Hg||2 < oo+ko1, for some nonnegative
constants oo and o1. Then the algorithm has a stationary limit point.

Proof. Since all iterates belong to the compact level set L, the algorithm has at
least one limit point. If none are stationary, then the conditions of Lemma 3.4 are
satisfied. We apply Lemma 3.5, choosing K to be the subsequence of {0,1,2...} at
which the trust-region radius is not reduced. We can then set 79 = 2, ; = 0.5, and

14



define Ny as in Lemma 3.4. At the iterates k € K, the algorithm takes a step, and
we have py > 7. By using (3.18), we then have

—k
F5) = FF + Az > —npm(AF)
inemin(61, 67 Ay, 67 A% /Ny,)

inemin(6~", 07 *A7%€) min(A, 1/Ny).

A2V

By summing both sides of this inequality over k& € K, and using the fact that f(z*)
is bounded below (by f(Z), where Z is a limit point), we have that condition (3.31d)
is satisfied. Then the conclusion (3.32) holds. However this inequality contradicts
(3.16), so we conclude that the algorithm must have a stationary limit point. O

3.3. Result II: All Limit Points are Stationary. In this section, we replace
the bound (3.16) on the Hessians Hj, by a uniform bound

[Hkll2 < o, (3.33)

for some constant o, and obtain a stronger global convergence result; namely, that all
limit points are stationary.

As a preliminary to the main result of this section, we show that for any limit
point z of Algorithm FP-SQP at which MFCQ but not KKT conditions are satisfied,
there is a subsequence K with z¥ —pcx Z and A —pex 0.

LEMMA 3.7. Suppose that Assumptions 1, 2, and 3 are satisfied, and that the
Hessians Hy, satisfy the bound (3.33) for some o > 0. Suppose that z is a limit point of
the sequence {z*} such that the MFCQ condition (1.9) holds but the KKT conditions
(1.7) are not satisfied at zZ. Then there exists an (infinite) subsequence K such that

lim 2% = z, (3.34)
ke

and
I?enlé Ay = 0. (3.35)

Proof. We first define € at the point Z as in Lemma 3.2, and define

R = min(Ry, R), (3.36)

where R is defined as in the proof of Theorem 2.2 and Rs is defined as in Lemma 3.2.
Then for all z € B(z,R) N F, we have C(z,1) > e. Hence, from Lemma 3.3, the
solution Az of the trust-region subproblem at (3.3) with A € (0, 1] satisfies

m(Az) C(z,1)min [671,67'A, (8*A?||H|2)'C(2,1)]

emin [§71,07'A, (6*°A%0) €], (3.37)

N[= N

S_
S_

where we used the bound (3.33) to obtain the second inequality.

Because Z is a limit point, we can certainly choose a subsequence K satisfying
(3.34). By deleting the elements of this subsequence that lie outside the ball B(Z, R),
we have from (3.37) that

mi(A2%) < —Lemin [671,67 1Ay, (6*A%0) e], for all k € K. (3.38)
15



We prove the result (3.35) by modifying K and taking further subsequences as
necessary. Consider first the case in which {2¥},cx takes on only a finite number of
distinct values. We then must have that z* = z for all k € K sufficiently large. Now,
fix k € K large enough that this property is satisfied, and suppose for contradiction
that some subsequent iterate in the full sequence {z*} is different from z. If k > k is
some iterate such that

FER) < F(25) = f(2),

we have by monotonicity of {f(z!)} (for the full sequence of function values) that

Fh < F(2F) < f(2)

for all 1 > k. Hence the function values in the tail of the full sequence are bounded
away from f(Z), so it is not possible to choose a subsequence K with the property
(3.34). Therefore, we have that z! = z for all | > k, so that all steps generated by
Algorithm FP-SQP after iteration k fail the acceptance condition. We then have that

App1 = YDA, < 34, foralll >k,

so that A; — 0 as [ — oo (for the full sequence). Hence, in particular, (3.35) holds.

We consider now the second case, in which {z¥},cx takes on an infinite number
of distinct values. Without loss of generality, we can assume that all elements of this
subsequence are distinct (by dropping the repeated elements if necessary). Moreover,
we can assume that z¥+1 = 2 for all k € K, by replacing k if necessary by the largest
index k such that & > k and 2 = z*. Thus, we have that the sufficient decrease
condition py > n is satisfied at all k € K. Therefore from (2.1) and (3.37), and the
easily demonstrated fact that f(z!) > f(z) for alll =0,1,2,..., we have

F) = f(2) = (%) = FF
> —nmy(AzZ")
> %nemin [5_1,5—1Ak7 (54520)—16] > 0.

Since f(2%) —rex f(Z), we have from this chain of inequalities that (3.35) is satisfied
in this case too. Hence, we have demonstrated (3.35). O

We now prove the main global convergence result of this section.

THEOREM 3.8. Suppose that Assumptions 1, 2, and 3 are satisfied, and that the
Hessian approximations Hy satisfy (3.33). Then the algorithm cannot have a limit
point Z at which the MFCQ condition (1.9) holds but the KKT conditions (1.7) are
not satisfied.

Proof. Let R, €, 0 be defined as in the proof of Lemma 3.7. Suppose for contradic-
tion that there exists a subsequence {zk}ke;g such that z* —rex Z. From Lemma 3.7,
without loss of generality, we can assume that (3.35) holds. The inequality (3.38) also
holds for the subsequence K.

Let ¢ and 7 be defined as in (3.19). We now decrease R if necessary (while
maintaining positivity), and define A, > 0 in such a way that the following conditions
hold:

P(Ag) <1, (3.39a)

1
YP(Ay) < Ea%’ (3.39Db)
B(E,R+A¢) nF CN(L()), (339C)
Ay < Aget, (3.39d)
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where Ager is defined in Theorem 2.2. Note in particular from the latter theorem that
Az satisfying (1.4) and (1.5) exists whenever |Az|ls < Ay.

Given R and Ay, we can now define A > 0 small enough to satisfy the following
properties:

A<1, (3.40a)
~ 1 €
_ 1
- Ad’
< — .
A<z, (3.40c)
~ €
A< — .40d
~ 03A2%0 (3.40d)
We then define € > 0 as follows:
¢ = lnemin (5*1& 1R/, (5%%)716) . (3.41)
Finally, we define an index ¢ € KC sufficient large that
|z = Z||l2 < R/2, (3.42a)
Y = f(z) <é/2. (3.42Db)

k

(Existence of such an index ¢ follows immediately from z° —x z.)

Consider the neighborhood
cd(B(z9, R/2))NF, (3.43)

which is contained in B(Z, R) N F because of (3.42a). We consider two cases.

Case I: All remaining iterates z9t!, 24+2, .. of the full sequence remain inside the
neighborhood (3.43). If
||DkAzk||p <A, forany k=q,q+1,q+2,..., (3.44)

we have from (1.5), monotonicity of ¢, and the definition (3.40c) that
JAz* = A2 l2 < 9(1 A2 ) 1A
< SOIDLAZ ) IAZ" ]2 < G(OR) A" ]2 < $(Ag)[|AZ"[l2 = [A2"]2 (3.45)
so that
||sz||2 < 2||AzF |2 < 20| DpAZF||, < 20A < Ay (3.46)
We now show that whenever (3.44) occurs, the ratio py defined by (2.1) is at least

3/4, so that the trust-region radius Ay for the next iteration is no smaller than the
one for this iteration, Ag. As in the proof of Lemma 3.4, the relation (3.22) holds,
with zg satisfying
—~k
dist(zf, Lo) < 3[|Az [|l2 < A4
Hence, from (3.19) and (3.39¢), we have ||[V2f(z%)2 < &. Similarly to (3.23), we have

[£(4) = £+ B20) + ma(a2h)|
< (IVFGE) + V27 (5 all A1) 1A% — B2

—k
+3 IV )2 Az — AZF(5 + 51V f(26) 12 + [ Hll2) [ A25]15
< (v +05A)([|AZ"||2) [ AZ" |2 + 350(| AZF[|2)2]| A2 |13 + 5 (5 + o)l|AZ"|3,
17



where we used (3.19) and ||Az*||s < §A from (3.46) in deriving the second inequality.
Now using (3.46) again, together with monotonicity of ¢, (3.39a), (3.39b), and (3.40b),
we have

~

(%) = J(* + B2") + ma(A55)

IN
)
+
QI
>,
>
=Y

Do) A2F )5 + [356(80)%5A + 1(5 +0)6A] A"

50A + L50A + 1(5 + 0)5&)} 1AZ*|2

=2
S
=
NS
+ o+

2% + ga)m} 1AZ5]5
1 ¢ 1 ¢ 1e
< (T3 + 153 1820 = glasla (3.47)

Meanwhile, from (3.38) and since z* € B(z, R) N F, we have
—mi(A2Y) > Temin(57, 67 A, (5*A%0) Le). (3.48)
Now from Assumption 1 we have
Ai > [ DA, = 67 HIAZ 2,

while from (3.40a) and (3.44), we have

1> A > ||DpAZH|, > 67| AZF o
From (3.40d) and Assumption 1, we have

e > 8A%0A > A0 || Dy ALY, > 2 A% || AZF .

By substituting these last three expressions into (3.48), we obtain

| o

—m(AzF) > LA, (3.49)

<,

We then have from (2.1), and using (3.47) an

(oW

(3.49), that

FR) = F(F + A

—my(AzF)

F(25) = F(25 + A2") + my(Azh)]
—my(AzF)

Pr =

>1-

>3/4.
It follows that the algorithm sets
Agy1 > Ag (3.50)

for all k satisfying (3.44). For k = q,q+ 1,q + 2, ... not satisfying (3.44), Algorithm
FP-SQP indicates that we may have reduction of the trust-region radius to

Apsr = (1/2)|DeA2"|l, > (1/2)A. (3.51)
18



By considering both cases, we conclude that
Ap > min(A,, (1/2)A), forall k=q,q+1,q+2,...,

which contradicts (3.35). Hence, Case I cannot occur.
We now consider the alternative.

Case II: Some subsequent iterate 2471, 29+2 . leaves the neighborhood (3.43). If 2!
is the first iterate outside this neighborhood, note that all iterates 2*, k = ¢,q+1, ¢+
2,...,1 —1 lie inside the set B(z, R) N F, within which (3.37) applies. By summing
over the “successful” iterates in this span, we have the following:

) = f(2)
-1
= D fEH-fE

k=q
Zhkght1
-1
> Y —nmi(Az") by (2.1) and Algorithm FP-SQP

k=q
2k zk+1

-1
>n Z femin [071, 07 Ay, (54A20)71€] by (3.37)

k=q
2k zk+1

-1

> Inemin [671,670 D" A, (6*A%) e (3.52)

1
2

k=q
2h £ gkt
If Ay > Aforany k=q,q+1,...,1 — 1 with z¥ # 21 we have from (3.52) that
f(z%) — f(z) > Lnemin {671,571A, (54A2U)71€] . (3.53)

Otherwise, since A, < A for all k = ¢,q+1,...,1 — 1 with z* £ 2#*1 we have from
Assumption 1 and (3.46) that

—k
Ay > || DpAZF||p > 07 AZH 2 > 367 AZ 2.

In this case, (3.52) becomes

-1
FGI) = £ = Snemin [571, ST L5 2 AE o, (5°A%0) ] . (3.54)

k=q
PLE T Las

However, because 2! lies outside the neighborhood (3.43) we have that

-1
—k
R2<| < Y |82 e,

k=q
zhtzht1
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In this case, (3.54) becomes
f(z%) = f(z') = inemin [671, 2072 R, (6*A%0) €] . (3.55)
Hence, in either (3.53) or (3.55), and using (3.40a), we have
F) = f(2h) = ¢

for € defined in (3.41). But since f(2!) > f(z) (since z is a limit point of the full
sequence), this inequality contradicts (3.42b). Hence, Case II cannot occur either,
and the proof is complete. 0O

4. Local Convergence. We now examine local convergence behavior of the
algorithm to a point z* satisfying second-order sufficient conditions for optimality,
under the assumption that z* — z*. We do not attempt to obtain the most general
possible superlinear convergence result, but rather make the kind of assumptions that
are typically made in the local convergence analysis of SQP methods in which second
derivatives of the objective and constraint functions are available. We also make
additional assumptions on the feasibility perturbation process that is used to recover
sz from Az*. Ultimately, we show that the trust region becomes inactive, and that
2* converges Q-quadratically to z*.

We assume a priori that z* satisfies the first-order necessary conditions for opti-
mality, and define the active set A* as follows:

A A7), (4.1)

where A(+) is defined in (1.8). In this section, we use the following subvector notation:

dz(2) € [di(2)];er, where T C {1,2,...,7}.

ASSUMPTION 4.

(a) The linear independence constraint qualification (LICQ) (1.10) is satisfied at
Z*

(b) Strict complementarity holds; that is, for the (unique) multipliers (u*, \*)
satisfying the KKT conditions (1.7) at z = z*, we have A} > 0 for all i € A*.

(c) Second-order sufficient conditions are satisfied at z*; that is, there is a > 0
such that

oIV L%, 1 N ) > aljv]|?, Yo s.t. Ve(z*)Tv =0, Vda-(2*)Tv =0,

where the Lagrangian function L is defined in (1.6).

Besides these additional assumptions on the nature of the limit point z*, we make
additional assumptions on the algorithm itself. As mentioned above, we start by as-
suming that z* — z*. We further assume that estimates Wj, of the active set A* and
estimates (u*, A\F) of the optimal Lagrange multipliers (1*, \*) are calculated at each
iteration k, and that these estimates are asymptotically exact. It is known (see, for
example, Facchinei, Fischer, and Kanzow [5]) that an asymptotically exact estimate
Wi of A* is available, given that (2%, %, A\¥) — (2%, u*, A\*), under weaker conditions
than assumed here. On the other hand, it is also known that given an asymptoti-
cally exact Wy, we can use a least-squares procedure to compute an asymptotically
exact estimate (u®, A\F) of (u*, A*). However, the simultaneous estimation of Wj, and
(¥, AF) is less straightforward. We anticipate, however, that a procedure that works
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well in practice would be relatively easy to implement, especially under the LICQ
and strict complementarity assumptions. Given an initial guess of Wy, such a pro-
cedure would alternate between a least-squares estimate of (1F, \¥) and an active-set
identification procedure like those in [5], until the estimate of Wi, settles down. We
note that the multipliers for the linearized constraints in the subproblem (1.2), (1.3)
(denoted in the analysis below by i* and A*) do not necessarily satisfy the asymptotic
exactness condition, unless it is known a priori that the trust region is inactive for
all k sufficiently large. Fletcher and Sainz de la Maza [6] have analyzed the behav-
ior of these multipliers in the context of a sequential linear programming algorithm
and show that, under certain assumptions, (u*, A*) is a limit point of the sequence
{(i", A7)}

We summarize the algorithmic assumptions as follows.

ASSUMPTION 5.

(a) 2% — z*.

(b) Wi, = A* for all k sufficiently large, where Wy, is the estimate of the optimal

active set.
(c) (HF, \F) = (", \7). k
(d) In addition to (1.4), the perturbed step Az satisfies

di(2F + A2") = di(2*) + Vdi(MTA*, Wi € W (4.2)
and
—k
1AZF — Az || = O(|| Az[?). (4.3)

The condition (4.2) is an explicit form of “second-order correction,” a family of
techniques that are often needed to ensure fast local convergence of SQP algorithms.
Note that (4.3) is a stronger form of the asymptotic exactness condition (1.5). Note
too that Assumption 5(a) implies that Az* — 0, since

IAZF] = [l = 28| < 28 = 27| + |12 = 2] — 0. (4.4)

Similarly, we have because of Assumption 5(d) that

A2 = Ak £ O(|AZF|?) — 0. (4.5)

We start with a technical result to show that the various requirements on the

perturbed step szk are consistent,.

LEMMA 4.1. Suppose that the functions f, ¢, and d are twice continuously dif-
ferentiable in a neighborhood of z* and that Assumption 4 and Assumptions 5(a),(b)
hold. Then for all sufficiently large k, there exists sz such that (1.4), (4.2), and
(4.3) are all satisfied.

Proof. Assume first that k is chosen large enough that Wy = A*. We prove the

—~k
result constructively, generating Az as the solution of the following problem:

quli)n Llw — AZF|3 st (4.6a)
c(zF +w) =0, (4.6b)
di(2F +w) = d;(2%) + Vd;(F)TAZ*) Vi e W (4.6¢)
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When the right hand sides of (4.6b), (4.6¢) are replaced by c(z* + Az*) and d;(2* +
AzF), respectively, the solution is w = Az*. These modified right-hand sides represent
only an O(||Az*||?) perturbation of the right-hand sides in (4.6b), (4.6c), because from
(1.2b) we have

ci(2F + AzZF)
= ¢;(2F) + Vi (M) T AZF + 2(AZF)TV2¢; (27 4+ 05 A7) T ALY
= 2(AZF) V2 (2% + 05 AZF) T AR,

for all i =1,2,...,m and some 6 € (0,1); and
di (2" + AZF) — [di(2F) + Vi (zF)T AZF] = L(AZF)TV2d; (25 + 07 AZF) T AL,

for all i € W), = A* and some #¢ € (0,1). Note that the Jacobian of the con-
straints (4.6b), (4.6¢) has full row rank at z¥ + Az*  because of Assumptions 4(a)
5(a), and (4.4). Hence, the Jacobian matrix of the KKT conditions for the problem
(4.6) (which is a “square” system of nonlinear equations) is nonsingular at 2% + Az*,
and a straightforward application of the implicit function theorem to this system yields

—k
that the solution w = Az of (4.6) satisfies the property (4.3) for all k sufficiently
large. We note too that because of (1.2b), we have

di(2* + A2') = di(2) + Vd, (M) TAZF <0, Vie A",

while for i ¢ A* we have from d;(z*) < 0, Assumption 5(a), and (4.5) that d;(2* +
AzF) < (1/2)d;(2*) < 0 for all k sufficiently large. For the equality constraints we

have immediately from (4.6b) that c(zk—i-gzk) = 0. Hence zk—&—gzk € F, so condition
(1.4) is also satisfied. O

We assume the Hessian matrix Hy, in the subproblem (1.2), (1.3) at z = 2* is the
Hessian of the Lagrangian £ evaluated at this point, with appropriate estimates of
the multipliers ;* and \¥; that is,

Hy = V2 LR pF M) = V2R + ) ulbV2e(2%) + > NV2a(25). (47)
=1 =1

We show now that with this choice of Hy, the ratio py is close to 1 for all k sufficiently
large, and hence that Apy; > Ay for all k sufficiently large. We prove the result
specifically for the Euclidean-norm trust region; a minor generalization yields the
proof for general p € [1, 00].

LEMMA 4.2. Suppose that the functions f, ¢, and d are twice continuously dif-
ferentiable in a neighborhood of z*, that p = 2 in (1.3), that Assumptions 1, 4, and 5
hold, and that Hy, is defined by (4.7). Then we have pr, — 1, where py, is defined by
(2.1).

Proof. From (2.1) we have

F) = FGH 4 82) 4 m(Ak)

Pk + —my(AzF)

(4.8)

we prove the result by showing that the numerator of the final term in this expression
is o(||Az*||?), while the denominator is Q(||Az¥(|?).
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We assume initially that & is large enough that Wy = A*. We work first with
the numerator in (4.8). By elementary manipulation, using Taylor’s theorem and the
definition of my(-), we have for some 6/ € (0,1) that

) = FF + A2+ mi(azk)

= VFER)TA - LAYV FE 4 0T AL )AL+ VR T AL + LA T H AL

= (V£ + Hk&’“)T (A% — A2+ L(A2)T (mx - V21" + afANz’“)) A
+o(llazk — K|

= VAT (A~ B2") + 3BT (Hyx — V2£(H) Az +O(|a*|P), (49)

where we used (4.3) and boundedness of Hj, to derive the final equality. Now from
(1.2b), we have for all i = 1,2,...,m and some 6¢ € (0, 1) that

0=c;(zF + sz)
= (M) + Ve (TR + LA )TV (2 + 0582 )AL
= Ve ()T (A2 — AZF) + LA )TV (M AL + O(JAHP).  (4.10)
From (4.2), we have for all ¢ € A* that
0= di(z5 +A2) — di(F) — Vdy (= k)TAzk
—~k
= Vd;(z")T (Az — AR+ 1Az )Tv2 (A2 FO(|AZFP).  (4.11)
For i ¢ A*, we have from A\¥ — X\ = 0 and (4.3) that
AT (T (A — Az + IR )TV () A2 = of|AFD).  (4.12)
We now multiply equations (4.10) and (4.11) by their corresponding Lagrange multi-

pliers (u¥ and A¥, respectively), and subtract them together with (4.12) from (4.9),
to obtain

77

FR) = FF 4+ B20) 4 mi(Ah)
= (VF(z5) + Ve(zF)u + Vd(zk)/\k)T (AzF — AZ")

%(Az V| He — V2 f( Zufv%, Z/\kVQ
+o(| A2 1?)
= O([(*, uk, AF) = (=%, 1*, M) DI AZHZ + o1 B2 ]12)
= o(||AZ"12), (4.13)

where we used the KKT condition (1.7a) at (z, u, A) = (2%, p*, A*) and the definition
(4.7) to derive the second equality, and Assumption 5(a),(c) to derive the third equal-

—k
ity. Hence we have shown that the numerator of the last term in (4.8) is o(||Az [|?).
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In the remainder of the proof we use the following shorthand notation for the
Hessian of the Lagrangian:

(V2L)k = VZLER jF N (V2L), = V2L 1t A7), (4.14n)

Given p = 2 in (1.3), we see that the KKT conditions for Az* to be a solution of
(1.2), (1.3) at z = z* are that there exist multipliers ji* and A* such that

VIR 4+ (V2 L)pAZF + Ve(ZR) ik + Vd(Z")N\F + DI DAZY =0,  (4.15a)
(") + Ve(zMTAZX =0,  (4.15Db)

d(zF) + Vd(z")TAZF <0 L \F > 0(4.15¢)

IDeAZM|3 = AF <0 Ly, > (Q4.15d)

where 7y is the Lagrange multiplier for the trust-region constraint ||[DyAz*||3 < A2.
From (4.15c), we have

BT AR = — (WY d(2F). (4.16)

We turn now to the denominator in (4.8), and show that it has size Q(||Az¥|?)
for all k sufficiently large. From the definition of my(-), (4.7), and (4.14a), we have

—mi(A2F) = =V F(zF)TALF — LA T (V2 L)pAZ
= — (AT (V) + (VZ,L)pAZF) + 2(AZF)T (V2 L) AR
By substituting from (4.15a), then using (4.15b) and (4.16), we obtain
—my(AZF) = (AzM)T (Vc(zk)ﬂk + Vd(2")A\F + ’ykDngAzk)
LA T (V2 L) A
= —d(ZF) TN + 4, | D AZF |3 + S(AF)T (V2. L) A"
By using Assumption 1, we then obtain
—mi(A2Y) > —d(ZF) TN + 362 | A3 + L(AZF)T (V2 L) AR (4.17)
We now define the constant 7 as follows:
_ def
3 = max (26° [|(V2,.L).||,,1) - (4.18)
Then for all k sufficiently large, we have
19200l < 2[(V2.L0.]|, < 5725 (119)

We derive the estimate for —my,(Az*) from (4.17) by considering two cases. In
the first case, we assume that v, > 5. We then have from (4.17), using \¥ > 0 and
d(z*) <0, that the following bound holds for k large enough to satisfy (4.19):

—mp(AZF) > 072 | A3 + S (AT (V2. L) AR
> 552 AZ 3 - 3AZ ) | (V2,004
> 1362 A3 (4:20)
so we see that the estimate —my(AzF) = Q(||Az¥||?) is satisfied in this case .
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In the second case of v, < 74, a little more analysis is needed. We show first that

lim (7% 3%) = (', ).

k—o00, vk <y

For i ¢ Wy, = A*, we have from d;(z*) < 0, Assumption 5(a), and (4.4) that d;(z*) +
Vd;(2*)TAz*F < 0. Hence, from (4.15¢), we have A\¥ = 0 for all i ¢ A*. By rearranging
(4.15a), we therefore have

Ve(Z")a" + Vd - (25N = =V (%) — (V2 L)1 A2" — DE DA
By comparing this expression with the KKT condition for z*, namely,
Ve(z")u* + Vda-(2")\y = =V f(27),
and using the LICQ (Assumption 4(a)) and v, < 7, we obtain
1", M) = (e X )l = O(l12" = =) + (1 +3)O(|AZ¥]]) — 0.

Hence, by strict complementarity (Assumption 4(b)), we can identify a constant
Amin > 0 such that

M > N, Vi € A*, Vksufficiently large with 4, < 7. (4.21)
Therefore, by the complementarity condition (4.15c), we have that
Vda-(2P)TAZF = —d g (25).
Using this expression together with (4.15b), we deduce that
[ Ve(z*)T }Azk _ [ (Ve(z*) — Ve(2F)T Ak
Vd g (2*)" da- (%) + (Vda- (2%) — Vda- (%)) T AZ*
= O(llda- (")) + O(ll2* — 2*[I1A2"])). (4.22)

By full row rank of the coefficient matrix on the left-hand side of (4.22), we have that
there exists a vector s* with

Ve(2")" Ve(z*)" |
[ V- ()" ]Sk | Vdae(z9)T } AZf, (4.23a)
5]l = O(lld.a~ (z")) + O(1z" — *[[[|Az"])). (4.23b)

Since the vector AzF — s¥ satisfies the conditions on v in the second-order sufficient
conditions (Assumptions 4(c)), we have

(Ak = YT (T2,0), (A% — %) > af| A2k — 5|2,
so that for k sufficiently large, we have by Assumption 5(a),(c) that
(AF = 5T (V2 L)H(AZF — s*) > Lal|azk - sb)2.
By using this inequality together with (4.23b) and Assumption 5(a), we obtain
(AZM)T(V2,L)p A"
= (A" = sH)T(V2L)w(A" = 5%) + O(|s"[[[1a2" = s*[)) + O]l s"[1*)
gollA2* — (13 + O(az*(lIs* 1) + Ols*[I)
sallAZF(I3 + Ol A [Is"[) + O(ls*|I*)
30l A28]5 + O(llda (ZF) 1AM ]) + OCllda- (") 1) + o([| A" |*)
10l A28 5 + O(lda- () I1AZF]) + Ol da- (M)I1P), (4.24)
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for all k sufficiently large with v < 4. Because of (4.21), we have

—(W)Td(F) > Y7 N (=di(") = Al das ()1 (4.25)
i€ A*
By substituting (4.24) and (4.25) into (4.17), and dropping the second term on the
right-hand side of (4.17) (which is positive in any case), we obtain

—mp(A2") = Ain|da- ()1 + 5(A25) T (VE L)AL
min [ da- (%) |11+ (1/8)a| Az* |3 + O(llda- (=) I Az*|]) + +O(llda- (=) 1)

> A
> (1/8)a|| AZF|]3, (4.26)

since the term Amin|/da-(2%)||1 eventually dominates the remainder terms.

We conclude from (4.20) and (4.26) that for all k sufficiently large, we have
—my(AzF) = Q(||AZ*||?). By combining this estimate with (4.13) and (4.8), we
obtain that

o(||Dz"|1?

pp=1+ s 1,
Q(llAazk]?)

as claimed. O

We are now ready for the quadratic convergence result.

THEOREM 4.3. Suppose that the functions f, ¢, and d are twice continuously
differentiable in a neighborhood of z*, that p = 2 in (1.8), that Assumptions 1, 4,
and 5 hold, and that Hy is defined by (4.7). Then Algorithm FP-SQP converges
Q-quadratically to z*.

Proof. because of Lemma 4.2, we have that Ay is bounded below, while because
of (4.4) the standard SQP step satisfies Az*¥ — 0. Hence from (4.5), the algorithm

—~ k —~ k
takes the step Az at iteration k, where ||Az |2 < Ay for all k sufficiently large.
From standard local convergence theory for SQP in the neighborhood of a point z*
satisfying the properties in Assumption 4, we have that

129 + AzF — 2% = O(||z* - 2*||?),
and therefore
1A25 = [|2* = 2% || + O(l|z" — 2*||?).

By using these results together with (4.3), we have

—k
257 =2 = [12% + Az — 2|
—k
<Az — AzkH + ||zk +AZF— Al
= O(|AZ"1”) + O(l|" — =*|1?)
= O(|Iz" = =*|I"),

as claimed. 0

5. Conclusions. We have described a simple feasibility perturbed trust-region
SQP algorithm for nonlinear programming with good global and local convergence
properties. As discussed above, we believe that the feasibility perturbation often can
be carried out efficiently when the constraints are separable or otherwise structured.
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The companion report [14] describes application of the algorithm to optimal control
problems with constraints on the inputs (controls).

We believe that a result concerning global convergence to points satisfying second-
order necessary conditions can also be proved. When the assumptions used in Sec-
tion 3 are satisfied, z* is a stationary limit point of the sequence {z*} at which LICQ
and strict complementarity are satisfied, asymptotically exact estimates of (u*, \¥)
and Wy are available on the convergent subsequence K, Hy is chosen as in (4.7),
and Assumption 5(d) is satisfied, then the following second-order necessary condition
holds at z*:

vIV2 L% 1\ v >0, Yus.t. Ve(z*) v =0, Vda-(2*)Tv =0,

We omit a full analysis, which uses many of the same techniques as in Sections 3 and
4.
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Appendix A. Value Function of a Parametrized Linear Program.

Here we prove Lemma 3.1.

Proof. Note first that C(z,1) > 0 for any feasible z, since w = 0 is feasible for
(3.1).

We have C(z,1) = 0 if and only if w = 0 is a solution of the problem (3.1). The
bound w”w < 1 is inactive at w = 0, and the optimality conditions for (3.1) are then
identical to the KKT conditions (1.7) for (1.1). Hence, C(z,1) = 0 if and only if z
satisfies the KKT conditions.

Suppose now that z € F satisfies MFCQ (1.9) but not the KKT conditions (1.7).
Suppose for contradiction that there exists a sequence {z!} with 2! — z, z, € F such
that

0<Ch1) <1 1=1,2,3,....

l

The optimality conditions for the solution w! of (3.1) at z = 2! are that there exist

multipliers u! € R™, A € R, and ' € R such that:

V(Y + Vel + Vd(zH AL + 26" = 0, (A.1a)
c(2Y) + Ve(HTw! =0, (A.1b)

d(z") + Vd(zH)Tw! <0 LM >0, (A.lc)

(wHTw' —1<0L g >0. (A.1d)

From these relations, and using the fact that 2! € F, we have that
C(2'1) = —Vf(zHTw!
— (wl)Tvc(zl)ul + (wl)TVd(Zl)Al + Qﬂl(wl)T’wl
= —d(z")TA\ +26" >0 (A.2)

By taking limits as [ — oo, and since both terms in (A.2) are nonnegative, we have
that

gl =0, dzHTAl —o. (A.3)
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Consider first the case in which there is a subsequence K of multipliers from (A.1),
that is, {u', N}k is bounded. By compactness, and taking a further subsequence of
K if necessary, we can identify @ and A > 0 such that

(Ml7 )‘Z)ZEK - (ﬁ7 5‘) (A4)
Then by taking limits in (A.la), and using (A.3) and (1.6), we have that
V.L(Z i,\) =0, dz)TX=0. (A.5)

By using these relations together with feasibility of Z, we see that z is a KKT point,
which is a contradiction.

Hence, the sequence {u!, \'} must have no convergent subsequence. By taking
another subsequence K, we can identify a vector (fi, A) with [|(f, A)|]2 =1 and A > 0
such that

(H17Al) ~ 3
m —lek (,Ua /\)~

By dividing both sides of (A.1a) by ||(!, \)||2 and using (A.3), we obtain

Ve(2)i+Vd(Z)A =0, d(z)TA=0, A>0. (A.6)

It is easy to show that (A.6) together with the MFCQ (1.9) implies that (&, A\) = 0,
which contradicts ||(j, A)||2 = 1.

Therefore, we obtain a contradiction, so that no sequence {z'} with the claimed
properties exists, and therefore C(z,1) is bounded away from zero in a neighborhood
of z. O
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