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Motivation: Praxair-Steel mill supply chain
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Scheduling model for the steel mill
Inventory management for Praxair
Steel mill and Praxair choices are coupled
Cooperative operation can reduce operating costs
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In this talk...

We present results on

1 Cooperative model predictive control for inventory management
I Tailored to fit the distributed nature of inventory management

2 State space approach to scheduling
I Using control tools in scheduling

as steps towards implementing MPC on a complex supply chain

Distributed approach: each node of the supply chain makes its own
decisions

Guaranteed closed-loop properties: feasibility, stability
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Conclusions

Detailed optimization model + rolling horizon guarantees . . .

no reasonable closed-loop properties!

The last 15 years of centralized MPC research provide design
guidelines that ensure: (i) recursive feasibility, (ii) nominal stability,
and (iii) robustness to unmodeled disturbances

Distributed MPC enables use of many interacting decision makers to
improve overall system performance

Current status: suboptimal MPC theory + distributed design so
distributed MPC ⊂ suboptimal MPC
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Supply chain modeling
Beamon (1998); Angerhofer and Angelides (2000); Shah (2005)

Suppliers Distibution
Centers

Production

Facility

Retailers

Product Flow

Order Flow

C
U

S
T

O
M

E
R

Each unit is a node.

Every connection indicates two types of flows between the nodes.

Production facility model (second part of talk)
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Modeling a node

Information sharing
Inventory Orders

Back-

Orders
(placed to
upstream nodes)

Orders
(placed by
downstream nodes)

(Demands satisfied)
(to downstream nodes)
Shipments

Shipments
(from upstream nodes)

Decision Maker

(policy implementer/optimizer)

Each node modeled as two tanks

States: inventory, back-orders

Inputs: shipments, orders

Disturbances: inputs of other nodes, customer demand
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Literature survey

Classical control theory

Block diagram, Transfer function based approach

Towill (1982); Dejonckheere et al. (2003); White (1999); Lin et al.
(2004); Perea López et al. (2001) among others

Stochastic dynamic programing

Classic results like (s,S) policy, order-up-to policy

Clark and Scarf (1960); Federgruen and Zipkin (1984); Federgruen
(1993); Shang and Song (2003); Dong and Lee (2003) among others

Game theory

Studies the strategic interaction between agents

Leng and Parlar (2005); Cachon and Netessine (2006); Cachon and
Zipkin (1999); Raghunathan (2003); Nagarajan and Sošić (2008)
among others
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Rolling horizon optimization for supply chain operation

Authors model centralized decent noncoop coop

Perea López et al. (2003) M1 X X × ×
Mestan et al. (2006) M1 X X X ×
Dunbar and Desa (2007) M2 × × X ×
Seferlis and Giannelos (2004) M3 X × × ×
Braun et al. (2002) M3 × × X ×
Maestre et al. (2009) M2 X × X ×
Li and Marlin (2009) M3 robust × × ×

M1 Multiple product supply chain with mixed integer production model

M2 Single product supply chain with approximate production model

M3 Multiple product supply chain with approximate production model
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Distributed MPC: consider two subsystems

Objective functions V1(u1, u2), V2(u1, u2)

and V (u1, u2) = w1V1(u1, u2) + w2V2(u1, u2)

decision variables u1 ∈ Ω1, u2 ∈ Ω2

Centralized Control min
u1,u2∈Ω1×Ω2

V (u1, u2)

(Pareto optimal)

Cooperative Control min
u1∈Ω1

V (u1, u2) min
u2∈Ω2

V (u1, u2)

(Pareto optimal)

Noncooperative Control min
u1∈Ω1

V1(u1, u2) min
u2∈Ω2

V2(u1, u2)

(Nash equilibrium)

Decentralized Control min
u1∈Ω1

Ṽ1(u1) min
u2∈Ω2

Ṽ2(u2)
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Cooperative MPC: two players

Centralized MPC

min
u1,u2

V1(x1, x2, u1, u2) + V2(x1, x2, u1, u2)

s.t.

[
x1

x2

]+

=

[
A1

A2

] [
x1

x2

]
+

[
B11 B12

B21 B22

] [
u1

u2

]
u1 ∈ Ω1 u2 ∈ Ω2 u1

1, u
1
2

u0
1(u2), u2u1, u2

V1(x1, x2,u1,u2) + V2(x1, x2,u1,u2)

u1, u
0
2(u1)

u0
1(u2), u

0
2(u1)

Cooperative MPC

Each subsystem solves for its local decision variables

Each iterate is feasible

Iterations converge to centralized optimal solution

Equivalent to Gauss-Jacobi parallel optimization algorithm to solve
the centralized problem
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Closed-loop properties

1 Input u = κ(x): Solution of the optimization problem

2 Closed loop evolves as x+ = Ax + Bκ(x)
What can we conclude about the closed-loop dynamics?
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Nothing! The optimization has not even stabilized the system

3 Need to design closed-loop stable distributed MPC algorithms
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Stability theory: Optimal MPC

Cost function: VN =
N−1∑
j=0

`(x(j), u(j)) + Vf (x(N))

Optimization: min
u

VN(u, x(0))

subject to:
u = {u(0), u(1), . . . u(N − 1)}

x+ = f (x , u) x(N) ∈ Xf u ∈ UN

Closed-loop dynamics: x+ = f (x , u0(x))

Then, we can show that the optimal cost V 0
N(x) is a Lyapunov

function

V 0
N(x+)− V 0

N(x) ≤ −α(|x |) cost decrease

Lyapunov theory ensures closed-loop stability, asymptotic convergence
to origin, and more. . .
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Stability theory: Suboptimal MPC

Consider feasible input sequence u = (u(0), u(1), . . . , u(N − 1)) for
state x .

u ∈ UN x(N) ∈ Xf

For successor state x+ = f (x , u0(x)), consider warm start

ũ = (u(1), u(2), . . . , u(N − 1), κf (x(N))

Warm start satisfies cost decrease due to properties of Xf

VN(x+, ũ)− VN(x ,u) ≤ −`(x , u0(x))

We can show that VN(x ,u) is a Lyapunov function.
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Suboptimal MPC

Further optimization

Must ensure that the iterates are feasible u ∈ UN

Must ensure cost drop

Control is very nonunique!
I VN(x ,u) ≤ VN(x , ũ)

Cooperative algorithm ensures

Feasible iterates

that converge to the optimal solution

for convex optimization problems with uncoupled constraints

Stability theory for cooperative MPC

Remove coupled constraints in the cooperative MPC optimization problem
so that cooperative MPC is an implementation of suboptimal MPC.
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Revisit the example...
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optimal MPC theory ensures cent is stable . . .

suboptimal MPC theory ensures coop is stable . . .

noncoop and decent are on their own!
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Supply chain

S2p(k − τM)

O12(k)S2p(k)

τM = 2
Node 1Node 2

Manufacturer

S21(k)

τT = 1

S1c(k)

Dm1c(k)

Retailer

Transportation delay: 1 time unit. Manufacturing delay: 2 time units.

Control objective: To keep inventories close to target inventory while
satisfying demands.

Nominal demand: 8 units every time period.
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Supply chain policies

Individual node models do not contain enough information to predict
how local orders affect future inventory.

Order-up-to policy: “proportional controller”

O12(k) =

{
Ivt − Iv1(k) if Iv1 ≤ Ivt

0 otherwise

Inventory position control: Define a new “controlled output”

Ip(k) = Iv1(k)− S1c(k) + O12(k)
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Supply chain example

Decentralized operation
No sharing of information among nodes.

Nodes decide ordering based on a supply chain policy.

Each node minimizes its control objective

Noncooperative operation
Information shared among nodes. Each node knows the other nodes shipments and orders

Nodes decide ordering based on a supply chain policy

Each node minimizes its control objective

Cooperative operation
Information shared among nodes

Each node minimizes the supply chain control objective

Nodes do not implement supply chain policies. Nodes use supply chain model to predict
dynamics.
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Results: Order-up-to policy
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Results: Inventory position control policy
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Key observations

Confirm previous observations

Centralized optimization reduces bullwhip effect

Information sharing can improve performance

New results

Demonstrated cooperative MPC
I Compatible with the distributed nature of inventory control
I Efficient operation (if the entire supply chain is owned by a single firm)

Established desirable closed-loop properties of cooperative MPC
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Future research directionsFuture Research Directions

Distributed supply chain optimization (part I)

Distributed restart for coupled unstable systems. Handle warm start
infeasibility caused by unmodeled disturbances.

Cooperative game theory. Explore using game theory methods for
encouraging cooperation among competing players.

Issues of scale. Hierarchical decomposition (Stewart et al., 2010).

Optimizing economic performance. Economic MPC (Angeli et al.,
2011; Diehl et al., 2011)
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It is the allocation of limited resources to tasks over time 

Given are:
a) Production facility data (e.g., processing unit capacities)
b) Production recipes (e.g., mixing rules, processing times/rates)
d) Production costs (e.g., raw materials, utilities, changeovers)
e) Material availability (e.g., raw material deliveries) 
f) Resource availability (e.g., maintenance schedule)
g) Production targets or orders with due dates.

Our goal is to find a least cost schedule that meets production targets subject to resource constraints.

1

What is Scheduling?
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Our goal is to find a least cost schedule that meets production targets subject to resource constraints.

Demand (orders)
A
B
C
D

A1 A2 A3

B1 B2

C1

Task selection (batching)

Batches

D1

Task-resource Assignment

A1

A2

A3

B1

B2

C1

U1

U2

D1

Sequencing (for unary resources)

C1A2 A3A1

B1D1 B2

Timing

C1A2 A3A1
B1D1 B2

1

In the general problem, we seek to optimize our objective by making four types of decisions: 
a) Selection and sizing of batches to be carried out (batching) 
b) Assignment of batches to processing units or general resources. 
c) Sequencing of batches on processing units. 
d) Timing of batches. 

What is Scheduling?

It is the allocation of limited resources to tasks over time 



Systematic scheduling practiced in manufacturing since early 20th century
First scheduling publications in the early 1950s 1,2

Extensive research in 1970s
• Closely related to developments in computing and algorithms
• Computational Complexity: Job Sequencing one of 21 NP‐complete problems in (Karp, 1972)

2

Preliminaries

1 Salveson ME, Econometrica, 20(9), 1952; 
2 Johnson SM, Naval Research Logistics Quarterly, 1(1), 61‐68, 1954.
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Challenging problem: small instances can be hard
• Most Open problems in MIPLIB are scheduling related

e.g., railway scheduling: 1,500 constraints, 1,083 variables, 794 binaries

Wide range of mixed‐integer programming (MIP) approaches
• Batch­based approaches for sequential production environment
• Material­based approaches for network production environment
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2 Johnson SM, Naval Research Logistics Quarterly, 1(1), 61‐68, 1954.



TA
U1

RM

TB B

A
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Unified Framework

Unified framework  (Sundaramoorthy & Maravelias, 2011)
• Material‐based representation of all types of processing
• Sequential processing represented using materials 

with special properties (constraints)

Basic concepts (from STN; Kondili e tal., 1993)
• Processing units, j∈J
• Processing tasks i∈I (duration, τi; batchsize, βi)
• Materials (states), m∈M (storage capacity, ζm)
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Discrete‐time representation
• Horizon, η, partitioned into T time periods, t∈T, of length δ = η/T 

Decision variables
• Wit∈{0, 1}:  = 1 if task i starts at time point t
• Smt∈[0, ζm]: inventory level of material m during period t

Mixed‐integer programming (MIP) model
• Resource constraint: a unit can process at most one task at a time
• Material balance: calculation of inventory over time
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Can we express the general scheduling MIP model in state­space form?

Unified Framework

Unified framework  (Sundaramoorthy & Maravelias, 2011)
• Material‐based representation of all types of processing
• Sequential processing represented using materials 

with special properties (constraints)

Basic concepts (from STN; Kondili e tal., 1993)
• Processing units, j∈J
• Processing tasks i∈I (duration, τi; batchsize, βi)
• Materials (states), m∈M (storage capacity, ζm)

Mestan et al., 2006
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Resource constraints
Decision variable: Wit = 1 when a task starts
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Scheduling State­space Model

The state of the system is not fully described
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Inputs: task start
States: inventory and task‐status 
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Variable batchsizes, Bit
• Inputs augmented with batchsizes: 
• States augmented with batchsize‐status:
• Dynamic model:  

• Constraints:
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Processing unit availability
• Unit becomes unavailable after any breakdown: introduce unavailable state, 
• Unit becomes available after repair; introduce repair disturbance,
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Scheduling MIP model computationally more efficient

General state‐space scheduling model
• MPC­friendly scheduling model

• Use existing 1, 2, 3 and develop new results for hybrid dynamical systems

Standardize rescheduling 
• Currently, unclear what rescheduling means

• Keep the same state‐space model;  infer reformulation of the MIP model

• Reverse transformation: state‐space mode + disturbances →MIP model

What can we learn from process control?
• What is an optimal input/output trajectory? (Does it exist?)

• Is stability relevant?

• What are terminal constraints in scheduling?

• …

Conclusions

1 Bemporad & Morari (1999)
2 Panek et al., (2008)
3 Goebel et al., (2009)
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Future research directionsFuture Research Directions

Distributed supply chain optimization (part I)

Distributed restart for coupled unstable systems. Handle warm start
infeasibility caused by unmodeled disturbances.

Cooperative game theory. Explore using game theory methods for
encouraging cooperation among competing players.

Issues of scale. Hierarchical decomposition (Stewart et al., 2010).

Optimizing economic performance. Economic MPC (Angeli et al.,
2011; Diehl et al., 2011)

Control theory in scheduling (part II)

Translate scheduling MIP models into state-space form (including
objective function and disturbances)

Design rescheduling algorithms with desired closed-loop properties

Develop surrogate models for inventory management Sung and
Maravelias (2009)
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